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ANALYTIC CONTINUATION OF A PARAMETRIC

POLYTOPE AND WALL-CROSSING

N. BERLINE AND M. VERGNE

ABSTRACT. We define a set theoretic “analytic continuation” of
a polytope defined by inequalities. For the regular values of the
parameter, our construction coincides with the parallel transport of
polytopes in a mirage introduced by Varchenko. We determine the
set-theoretic variation when crossing a wall in the parameter space,
and we relate this variation to Paradan’s wall-crossing formulas for
integrals and discrete sums. As another application, we refine the
theorem of Brion on generating functions of polytopes and their
cones at vertices. We describe the relation of this work with the
equivariant index of a line bundle over a toric variety and Morelli
constructible support function.
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INTRODUCTION

Consider a polytope q(b) in R? defined by a system of N linear
inequalities:

qab) == {y € R (us,y) <b;, 1<i< N} (1)

In this article, we study the variation of the polytope q(b) when the
parameter b = (b;) varies in RY, but the linear forms y; are fixed (the
parametric arrangement of hyperplanes (y;, y) = b; so obtained is called
a mirage in [20]).

Our main construction is the following. Starting with a parameter
b° which is regular (this is defined below), we construct a function
X(x1,22,...,2x5) on RY which is a linear combination of characteristic
functions of various semi-open coordinate quadrants in RY. Define

A(b)(y) = X (br = (p1, ), - - v — (v, )

The crucial feature of the function X is that, for b near °, A(b)(y)
is the characteristic function of the polytope q(b), but A(b) enjoys an-
alyticity properties with respect to the parameter b when b moves in
RY, that we will explain below. So we say that A(b) is the “analytical
continuation ”of the polytope q(b) (with initial value 0°).

Before stating these properties, let us give two examples. We denote
by p; the characteristic function of the closed coordinate half-space,
pi = [z; > 0], and we set ¢; = 1 — p; = [x; < 0]. First, let q be the d-
dimensional simplex defined by the d 4 1 inequalities y; > 0, Zle yi <
1. In this case we have, (see Example ,

X(z)=p1-pap1 + (D)% qars.

Thus X(z) is the sum of the [characteristic function of the] closed
positive coordinate quadrant in R and of (—1)¢ times the open neg-
ative one. Let b= (by,...,b441). If by + -+ 4+ bgy1 > 0, then A(b)(y) =
X(bi+y1, - ba+Ya, bar1— (y1+- - -+yaq)) is the characteristic function
of the simplex {y; > —b;, % 4 < bay1}, while if by + - 4 bgyy < 0,
then A(b)(y) is equal to (—1)? times the characteristic function of the
symmetric open simplex {y; < —bqu:l y; > bgy1}. In particular,
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in dimension d = 1, starting with the closed interval [0, 1], the ana-
lytic continuation A(b) is the closed interval {—b; < y < by} when
by + by > 0, while A(b) is (—1) times the open interval {by < y < —b;}
when bl + b2 <0 (Flg

FIGURE 1. In blue for b = (0,2), q(b) = [0,2] , in red
for b = (0, —2), A(b) = (—1) times | — 2,0]

For the second example, we start with the tetragon illustrated in
Fig[2| defined by the 4 inequalities yo +2 >0, y; +1 > 0, y1 + y2 < 0,
y1 — y2 > 0. In this case we have (see Example and Subsection

X (x) = p1p2psPs — P19293P4 — G1P2P3G4 + q1924344,

a signed sum of characteristic functions of 4 semi-open quadrants.
Some values of the analytic continuation A(b) are illustrated in Figs.
and [3] For each value of b, it is a signed sum of semi-open polygons.
Components with a 4 sign are colored in blue, components with a —1
sign are colored in red. Semi-openness is indicated by dotted lines.

FIGURE 2. Analytic continuation of a tetragon

Let us describe now some of the properties of A(b).
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FIGURE 3. More analytic continuation of a tetragon

A point b = (b;) € RY is called regular (with respect to the sequence
of linear forms p;) if a subset of k equations among the equations
{1; = b;} do not have a common solution if £ > d. We define a tope
T to be a connected component of the open set of regular points b in
RY. Topes are separated by hyperplanes which we call walls.

Let b° € RY be regular. Recall that we assume that q(b°) is compact.
In this case, each vertex of the polytope q(b°) belongs to exactly d
facets, in other words the polytope q(b°) is simple. Loosely speaking,
the shape of the polytope q(b) does not change when b remains close
to b°. The facets of q(b) remain parallel to those of q(b°), while its
vertices depend linearly on b. When b crosses a wall, the shape of q(b)
changes.

Let h(y) be a polynomial function on R¢. The integral

/ h(y)dy,
q(b)

> h(y)

y€q(b)nze
are classical topics. In particular, if h is the constant function 1, these
quantities are respectively the volume of the polytope q(b) and the
number of integral points in the polytope q(b). It is well-known that
the function b — fq(b) h(y)dy is given on each tope by a polynomial
function of b. Moreover, if we assume that the linear forms pu; are
rational, the discrete sum b — ZyEq(b)ﬂZd h(y) is given on each tope
by a quasi-polynomial function of b. These results follow for instance
from Brion’s theorem of decomposing a polytope as a sum of its tangent
cones at vertices, [0], [9]. When the parameter b crosses a wall of the

and the discrete sum
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tope 7, the integral b — fq(b) h(y)dy is given by a different polynomial,
the discrete sum by a different quasi-polynomial. Their wall-crossing
variations have been computed by Paradan, in a more general context
of Hamiltonian geometry, using transversally elliptic operators, [I§].

The function X which we construct in this article depends on the
tope 7 which contains the starting value b°, and we will study its depen-
dance with respect to 7. Therefore, we write X'(7)(z) and A(7,b)(y) =
X(7)(by — (u1,9), ..., by — (un,y)) instead of X(x) and A(b)(y) from
now on. The function y — A(7,b)(y) enjoys the following properties.
e When b is in the closure T of the tope 7, A(7,b) coincides with the
characteristic function [q(b)] of q(b).
e The function A(7,b)(y) is a linear combination with integral coeffi-
cients of characteristic functions of bounded faces of various dimensions
of the arrangement of hyperplanes (u;,y) =b;, 1 <i < N.
e The integral

A7, b)(y)e S dy
R4

is an analytic function of (§,b) € (RY)* x RY. For b € 7, it coin-
cides with fq(b) el¥dy. TIf h(y) is a polynomial function, then b +
Jra A(T,0)(y)h(y)dy is a polynomial function of b € RY which coin-
cides with [, h(y)dy when b € 7.
e Moreover, if we assume that the u; are rational, the discrete sum

> A b)(y)h(y)

yEZa

is a quasi-polynomial function of b, (see Definition of quasi-polynomial
functions). It coincides with - . ~ze h(y) for b in the initial tope
and even in a neighborhood of its closure (see the precise statement in
Corollary [21] ).

For instance, let us look again at the closed interval [0,b]. For b €
N, the number of integral points in [0,b] is given by the polynomial
function b+ 1. For a negative integer b < 0, the value b + 1 is indeed
equal to (—1) times the number of integral points in the open interval
b<y<0.

The key idea is to define A(7,b) as a signed sum of closed affine
cones, shifted when b varies, so that their vertices depend linearly on
the parameter b. We use decompositions of a polytope p as a signed sum
of cones, such as the Brianchon-Gram decomposition, (see for instance

[3])-
Theorem 1 (Brianchon-Gram decomposition). Let p C R? be a poly-
tope. For each face § of p, let tag(p,f) C R? be the affine tangent cone
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to p at the face . Then
Pl= D (=1 Ttan(p, ), (2)

feF(p)

where F(p) is the set of faces of p.

Here, for a set £ C R we denote by [E] the function on R? which
is the characteristic function of the set F.

For regular values of b, our construction of A(7,b) coincides with the
parallel transport of Varchenko [20], the idea of which is quite simple.
For instance, write the Brianchon-Gram formula for the closed interval
0<y<0,

0<y<b=[y<b]+[y=>0]—[R]

If the vertex b moves to the left, crosses the origin and becomes nega-
tive, the right hand side of the Brianchon-Gram formula becomes first,
for b = 0, the characteristic function of the point 0, then for b < 0,
the characteristic function of the open interval b < y < 0 with a minus
sign.

Actually, instead of the Brianchon-Gram decomposition, Varchenko
uses the polarized decomposition into semi-closed cones at vertices
which he obtains in [20]. However, we go beyond [20] in several ways.
First, as we already mentioned, we introduce (and compute) the “pre-
cursor” function X(7), a sum of characteristic functions of semi-open
quadrants, which gives rise to A(7,b) for all b. Moreover, we compute
explicitly the wall-crossing variation

[a(b)] = A(7,0)

when b belongs to a tope adjacent to the starting tope 7. Actually,
we compute the wall crossing variation at the level of the “precursor”
function X(7) itself.

Finally, we show that “analytic continuation” of the faces of the poly-
tope q(b°) occurs naturally, when one wants to compute D e a(bo) Nz el&v)
for a degenerate value of &.

Let us now summarize the results of this article. We need some
notations. It is more convenient to work in the framework of partition
polytopes. So, let us first recall how one goes from the framework
of linear inequalities (u;,y) < b; to that of partition polytopes. A
partition polytope p(®, A) is determined by a sequence ® = (¢;)1<j<n
of elements of a vector space F' (of dimension r) and an element A € F,
as follows:
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Definition 2.

N
PN ={z e RV wjp; =\, x; >0}

J=1

We assume that the cone ¢(®) generated by the ¢;’s, is salient and
that ® generates F'. Thus the set p(®, \) is compact whenever A € ¢(®P)
(if A is not in ¢(®), then p(P, \) is empty.) The polytope p(P, \) is, by
definition, the intersection of the affine subspace

N
V(@A) ={z e RY;,) z;0; = A}
j=1

with the standard quadrant
Q= {z e RY;z; > 0}.

A wall in F' is a hyperplane generated by r — 1 linearly independent
elements of ®. An element \ € F is called ®-regular, if A\ does not lie
on any wall. If A € ¢(®) is regular, the polytope p(®,\) is a simple
polytope of dimension d = N —r contained in the affine space V(®, \).

Consider the map M : RY — F given by M(z) = >, x;¢;. Let
V C RY be the kernel of M.

N
V={zeRY;) 6, =0}
j=1
So V' has dimension d = N —r.

If £ is a subset of RV, we denote now by [E] the function on R
which is the characteristic function of . Thus if F is a subset of V,
its characteristic function in V' is identified with [E] N [V].

If A= M(b) =", bi¢;, the map

r—x+b (3)

is an isomorphism between V' and the affine space V (P, \) .

Let p; be the linear form —z; restricted to V. The bijection V' —
V(®,A) maps the polytope q(b) = {y € V; (1, y) < b;} onto p(P, ).
Indeed, the point (y; + b1,...,yn + by) is in p(®, ) if and only if
—yi < b

Moreover, b is regular with respect to the sequence of linear forms p;
on V if and only if A = M(b) is ®-regular in F'. A connected component
of the set of ®-regular elements of F' will be called a ®-tope. Thus a
subset 7 C F is a ®-tope if and only if M~1(7) C RY is a connected
component of the set of regular parameters, i.e. a tope with respect to

(43)-
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It is clearly equivalent to study the variation of the polytope q(b)
when b varies, or the variation of the partition polytope p(®, \), when
A varies. In this framework, the inequations x; > 0 are fixed, while
the affine space V(®, \) varies. For example, Fig. 4| shows the interval
[0,0], in blue, now realized as {z; > 0,29 > 0,21 + x5 = b}. The
analytic continuation A(7,b) for b < 0 is colored in red on this figure,
where a minus sign is assigned to red.

AN

FIGUuRE 4. F =R, ® = (1,1).

We fix a ®-tope 7 C F, and consider A € 7. Recall the combinatorial
description of the faces of the partition polytope p(®, A). We denote by
G(P, 1) (resp. B(®, 7)) the set of I C{1,..., N} such that {¢;,i € I}
generates F' (resp. is a basis of F') and such that 7 is contained in
the cone generated by {¢;,7 € I}. The set of faces (resp. vertices) of
p(®,\) is in one-to-one correspondence with G(®,7) (resp. B(®,7)).
The face which corresponds to [ is

N
(@A) ={z e RY,D 256, =X, x;=0for j €IV (4)
j=1
The affine tangent cone to p(®,\) at the face f;(P, ) is
N
t7(®,\) ={z € R, 256, = \,z; > 0 for j € I}. (5)
j=1

If Ais in ¢(®P), but is not in the tope 7, then the partition polytope
p(P, ) is not empty, but its faces are no longer in one-to-one correspon-
dence with G(®,7), (see Fig[2). Nevertheless, the cone in makes
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sense for every A € F: it remains “the same cone” {z € V;2; > 0,j €
I¢} up to a shift, under the map V(®,\) — V (see Formula ((10])).

We introduce now the main character of this story, the function on
RY previously denoted by X(7).

Definition 3. The Geometric Brianchon-Gram function is
X(@,7)= Y (=pmF T ;> 0]
IeGg(®,r) jerIe

Let us compute this function for the case of ® = (1,1) in F = R.
Then
X(®,7) = [r1 > 0] + [z2 > 0] — [R?]
is equal to
[£1 > 0,29 > 0] — [21 < 0,29 < 0],

the characteristic function of the closed positive quadrant minus the
characteristic function of the open negative quadrant, (Fig. [5]).

F1GURE 5. The function X (®, 7) for & = (1,1)

If A € 7, the Brianchon-Gram theorem implies
X (@, 7)[V(P,N)] = [p(2, M), (6)

the characteristic function of the partition polytope p(®, A). However,
the function X(®,7)[V (P, \)] is defined for any A € F. It is a signed
sum of characteristic functions of closed cones intersected with the
affine space V(®, \).
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For instance, in the case of ® = (1, 1), taking the product of X (P, 1)
with the characteristic function of the affine line xy + x5 = b, we clearly
recover the analytic continuation pictured in Fig. []

One of our first results (and our main technical tool) (Theorem [25) is
the fact that the Brianchon-Gram combinatorial function X (®,7)(p, q)
coincides with the analogous function associated with any Lawrence-
Varchenko polarized decomposition of a polytope into semi-closed cones
at vertices [15], [20].

From this result, we deduce that the function X' (®, 7)[V (P, \)] is the
signed sum of characteristic functions of semi-open polytopes, in par-
ticular the support of this function is bounded for any A € F' (Corollary
7).

Reverting to the framework of linear inequalities, we define now
A(T,b) to be the inverse image of X' (®, 7) under the map v — v+b from
V to RN. For b € 7, A(7,b) is the characteristic function of the poly-
tope q(b). For any value of b, it follows from the definition that A(r,b)
is the signed sum of the characteristic functions of the tangent cones
to the faces of the initial polytope q(by), with by € 7, followed “by con-
tinuity 7. The above qualitative result implies that A(7,b) is a signed
sum of bounded faces of various dimensions of the mirage u; = b;. It is
easy to see that A(r,b) enjoys the analyticity properties stated above.

Our main result is a wall crossing formula which we prove in a purely
combinatorial context.

As the space RY is the disjoint union of the semi-closed quadrants

ve =iz = (2;);2; < Ofori € B, x; > 0fori € B}, we write
X (®,7) in terms of the characteristic functions of these quadrants.

We introduce the following polynomial in the variables p; and g;.

Definition 4. Let 7 be a ®-tope. The Combinatorial Brianchon-Gram
function associated to the pair (®,7) is

X(@n)p.g)= > )T p [[ei+a). (7

IeG(®,7) el 4el

We recover X (®,7) when we substitute p; = [z; > 0] and ¢ =
[z; < 0] in X(®,7)(p,q) (so that p; + ¢; = 1).
For example, when ® = (1, 1), we have

X(®,7)=pi(p2+ @) +p2(p1 + @1) — (p1 + @1) (P2 + G2) = P1P2 — 1 Go.

The polynomial X (®,7) enjoys remarkable properties. Let us say

that the quadrant QF, is ®-bounded, if the intersection of its closure

Qneg with V' is reduced to 0. Equivalently, the intersection of QL. with
the affine space V' (®, \) is bounded for any A € F.
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We have
X(@n)pa) =Y z]]e]] e
B i€B  ieBe¢
where, for any subset B C {1,..., N} such that zp # 0, the associated
quadrant QF, is ®-bounded. The coefficients zp are in Z and we give
an algorithmic formula for them.

As we will observe in the last section, the decomposition in -
bounded quadrants of X (®,7) is an analogue of the fact that the 0
cohomology spaces of a compact complex manifold are finite dimen-
sional.

Our main result is Theorem [33] where we compute the function
X(®,7q) — X(®,72), when 73 and 75 be two adjacent topes (mean-
ing that the intersection of their closures is contained in a wall and
spans this wall).

We will not state the formula for X(®, 1) — X(®, 1) in this intro-
duction, but let us just mention a significant corollary, the wall-crossing
formula for the polytope p(®, A). Let A be the set of i € {1,..., N}
such that ¢; belongs to the open side of H which contains 7, (hence
—¢; belongs to the side of 75). Let

Pain (P, A, \) = {z € V(®,\);2; < 0if i € A,y > 0if i ¢ A,
Thus paip (P, A, A) is a semi-closed bounded polytope in V(®, \).
Theorem 5. Let 7y and 15 be adjacent topes. If A € 175, we have

X (@, m)[V(®,N)] = [p(@, N)] + (=1) i (@, A, N)].

This formula is clearly inspired by the results of Paradan [18]. In
turn, we show that it implies the convolution formula of Paradan which
expresses the jump of the number of lattice points of the partition poly-
tope in terms of the number of lattice points of some lower dimensional
polytopes associated to ¢ N H.

The above formula implies that, after crossing a wall, the analytic
continuation of the original polytope p(®, A) is the signed sum of two
polytopes, among which one, but no more than one, may be empty.
As illustrated in Section , we see the new polytope paip(P, A, \)
starting to show his nose when A crosses the wall. To be precise, the
wall H must separate two chambers, not just two topes, (as explained
in Remark in order for the new polytope pgip(®P, A, ) to be not
empty.

When F is provided with a lattice A, and the ¢;’s are in A, the data
(®, \) parameterize a toric variety together with a line bundle. The
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zonotope
N
b(®) := {Zti¢i§0 <t <1}
i=1

plays an important role in the “continuity properties” of our formulae
in the discrete case, where, for a tope 7, the “neighborhood” of 7N A is
the fattened tope (7 —b(®))NA. In Section {4, where we study discrete
sums over partition polytopes, we recover the quasi-polynomiality over
fattened topes which was previously obtained in [12], [19], [13], as well
as wall crossing formulae. Remarkably, the proofs which we give in the
present article are based only on the Brianchon-Gram decomposition
of a polytope and some set theoretic computations.

Our original motivation for the present work was to understand
Brion’s formula when specialized at a degenerate point. Let p C V
be a full-dimensional polytope in a vector space V' equipped with a
lattice V7. Consider the discrete sum

S = Y e,

xeVzNp

Brion’s theorem expresses the analytic function S(p)(€) as the sum

SP)E) = Y s +e)(©) (8)

seV(p)

Here s runs over the set of vertices of p, and s + ¢, is the tangent cone
at p at the vertex s. Now the function S(s + ¢)(§) is a meromorphic
function of £. Its poles are the points £ € V* such that ¢ vanishes on
some edge generator of the cone ¢, (or equivalently, such that £ takes
the same value at the vertex s and some adjacent vertex s’ of p).

It is well known that if £ is regular with respect to p, (i.e. (£, s) #
(&, §") for adjacent vertices), Brion’s formula is the combinatorial trans-
lation of the localization formula in equivariant cohomology [4], in a
case where the fixed points are isolated. The case where £ is not regu-
lar corresponds to the case where the variety of fixed points has com-
ponents of positive dimension. We obtain indeed the combinatorial
translation of the localization formula in this degenerate case. The
vertices must be replaced by the faces on which £ is constant which are
maximal with respect to this property. For such a face §, the tangent
cone must be replaced by the transverse cone to p along f. However,
the formula is “nice” only under some conditions (satisfied for example
when the polytope p is simple). The formula involves the “analytic
continuation” of the face f obtained by slicing the polytope p by affine
subspaces parallel to f, Fig[15|



PARAMETRIC POLYTOPES 13

Finally, in the last section, we sketch the relation of this work with
the cohomology of line bundles over a toric variety. In the case where
the ¢;’s generate a lattice in F', a ®-tope 7 gives rise to a toric variety
M. Then, the value of the function X' (®,7) computed at a point m €
ZN c RY is the multiplicity of the character m in the alternate sum of
the cohomology groups of the line bundle L, on M, which corresponds
to A =), m;¢;. In other words, the function X (®, ) induces on each
affine space V(®,\) the constructible function associated by Morelli
[16] to the line bundle Ly on M..

The continuity result (Corollary implies that the function A —
dim H°(M,, \) is a quasi-polynomial on the fattened tope (7—b(®))NA.
We give some examples of computations in the last section.

These results have been presented by the second author M.V. in the
Workshop: Arrangements of Hyperplanes held in Pisa in June 2010.
M.V. thanks C. De Concini, H. Schenck and M. Wachs for numerous
discussions on posets, cohomology of line bundles on toric varieties,
during this special period, and thanks the Centro de Giorgi for provid-
ing such a stimulating atmosphere. The idea of this article arose while
both authors were enjoying a Research in Pairs stay at Mathematisches
Forschungsinstitut Oberwolfach in March/April 2010. The support of
MFO is gratefully acknowledged.

We thank P. Johnson for drawing our attention to Varchenko’s work
and to the paper [10] where applications of Varchenko’s work to wall
crossing formulae for Hurwicz numbers are obtained.
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LIST OF NOTATIONS

A(b), A(T,b) a function on R%
the analytic continuation of a polytope

[E] characteristic function of a set £ C R or E C RV
F r-dimensional real vector space; A € F
P a sequence of N non zero vectors ¢; in F
e; canonical basis of RY
T; coordinates functions on RY
M the map RY — F; M(e;) = ¢;
V(®),V {z € RY; 37, wii = 0}
d N — r;the dimension of V'
V(@A) {z € RV 37, wihi = A}
Partition polytope a polytope p(P, \)
A lattice in F'; A € A
k() the function A — cardinal p(®, \)
Partition function the function k(®)
Q the standard quadrant {z € R™;z; > 0}
I1,J,K,A B subsets of {1,2,..., N}
I¢ complementary subsets to [ in {1,2,..., N}
b, (¢s,i € 1)
(), c(Py) cone generated by ¢, ®;
a(K) the cone in RY defined as
{x eRN;z; >0 for j € K}
ao(K) the cone V Na(K)
tr (P, N) a(K)NV(P,N)
®-basic subset [ a subset I such that ¢;, i € I, is a basis of F’
d-generating subset I a subset [ such that ¢;, i € I, generates F’
B(®) the set of ®-basic subsets
G(®) the set of ®-generating subsets
Po.1 po.: RY — V(®) with kernel ®;c;Re;
gjr pa.i(e;),J € I°
wall H hyperplane in F' generated by r — 1 vectors in ¢
regular \ A does not belong to any wall H
tope T T C F,a connected component
of the set of regular elements
B(®, ) the set of ®-basic subsets I such that 7 C ¢(®;)
G(o,7) the set of ®-generating subsets I such that 7 C ¢(Py)

arrangement?{ () the collection of the hyperplanes z; = 0 in V (P, \)



vertex s

8[(@, )\)
fr(®,A),fr

taff(r’?f)
X(2,7)
P

X(®,7)(p,q)

ao(K, )
Y(®,1,5)
p(P, AN

Paip(D, A, N)
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of the arrangement (A); s belongs to

d hyperplanes of H(\)

the vertex of H(A) such that s; =0 for j € I°
the face of p(®, \) indexed by I; defined by
p(@, ) N{z; =0,5 €I}

tangent affine cone to a polytope p at the face f
> reg@n(— )lIl_dlmFH ere[Tj > 0]

Z[eg(cp (—1)ll-dimE ngIC pilLier(pi + @)

HJGBC p; HzGB qi
space of polynomials with basis wpg

substituting p; = [z; > 0], ¢; = [z; < 0] in wp
the zonotope generated by ®;

{3 g0 < t; < 1}

{z = (x;),z; <0forie B;x; >0forie B}
the sequence (aiqbi,l <1 < N), where
(X602 € Q)

{Zz Tipi, x € Q N ZN}

linear form on R

{j € K% (8,9 > 0}

{j e K5 (B,g)) <0}

{reRY;2,>0,i€ K§h ;<0 ,ie K5}

the cone V Na(K, B)

ZKEB(@,T)(_l)lKg | HieK5+ Di Hing— Gi [ Tiex (Pi + @)
{r eV (®,N), 2;>0foriec A z; >0forie A}
{r eV (®,\) x;<0forie Ax; >0 forie A}
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1. DEFINITION OF THE ANALYTIC CONTINUATION

1.1. Some cones related to a partition polytope. In this article,
there will be plenty of cones. A cone will always be an affine polyhedral
convex cone. A cone will be called flat if it contains an affine line,
otherwise, it will be called salient.

Let F be a real vector space of dimension r, and let ® = (¢4, ..., ¢n)
be a sequence of N non zero elements of F'. We assume that ¢ generates
F' as a vector space.

The standard basis of RY is denoted by e; with dual basis the linear
forms x;. We denote by M : RY — F the surjective map which
sends the vector e; to the vector ¢;. The kernel of M is a subspace of
dimension d = N —r which will be denoted by V(®) or simply V' when
® is understood.

V(®) := {z e RY; quﬁ = 0}.

We denote by @) the standard quadrant
Q= {r € R;2; > 0}.

The cone ¢(®) generated by @ is the image of Q) by M. Assume that the
cone ¢(®P) is salient. In other words, there exists a linear form a € F*
such that (a,¢;) > 0 for all 1 < ¢ < N. This is also equivalent to the
fact that VN Q = 0.

If I is a subset of {1,2,..., N}, we denote by I¢ the complementary
subset to [ in {1,2,..., N}.

Definition 6. If I is a subset of {1,2,... N}, let
a(l)={z € RY;z; >0 for j € I}
and let
al)=Vnall)={zeV;z; >0 forjel}
be the intersection of V' with the cone a([).

Thus a(]) is the product of the positive quadrant in the variables I,
with a vector space of dimension |/|. The cone a([) is called an angle
by Varchenko. It is never salient, except if I = (). With this notation,
the positive quadrant @ is a(().

We now analyze the cone ag(/) € V. A subset I C {1,2,..., N}
such that {¢;,7 € I} is a basis of F' will be called ®-basic. We denote
by B(®) the set of ®-basic subsets. A subset [ C {1,2,..., N} such
that {¢;,7 € I} generates F' will be called ®-generating. We denote by
G(®) the set of ®-generating subsets.
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Let I be ®-basic. Then the cardinal of I¢ is d = N — r and the
restrictions to V' of the linear forms z;, with j € I¢, form a basis of V*.
Hence ag(7) is a cone of dimension d in V with d generators, in other
words a simplicial cone of full dimension in the vector space V. Let us
describe the edges of the simplicial cone ay(I). We have

RY = V(@) & (®iciRe;),

and we denote by pg ; the corresponding linear projection RY — V.
For j € I°¢, we write ¢j = Y., Ui ;.

Lemma 7. Let I be ®-basic. For j € I¢, let
g = perle;) =e;— Y e

iel
Then the d wvectors gjl are the generators of the edges of the simplicial
cone ag(I).

Now, let I be a generating subset. Then the restrictions to V' of
the linear forms z;, j € I¢, are linearly independent elements of V*.
The cone ag(/) is again the product of a simplicial cone of dimension
|I¢| by a vector space of dimension |I| — r More precisely, if K is any
®-basic subset contained in I, the cone ag(/) is the product of the cone
generated by po i (€;), 7 € I¢, by the vector space generated by pe i (e;)
with i € T\ K.

1.2. Vertices and faces of a partition polytope. Recall that, for
A € F, we denote by V(®,\) C RY the affine subspace

{z e RY, in¢i = A}

The intersections of the coordinates hyperplanes {x; = 0} with V' (®, \)
form an arrangement H(\) of N affine hyperplanes of V(®, \).

By definition, a vertex of this arrangement is a point s € V(®, A) such
that s belongs to at least d independent hyperplanes. The arrangement
H(A) is called regular if no vertex belongs to more than d hyperplanes.
A ®-wall H is a hyperplane of F' spanned by r — 1 linearly independent
elements of ®. Thus #H(\) is regular if and only if A does not belong
to any ®-wall, that is, if A is regular.

By definition, a face of the arrangement H(\) is the set of elements
x € V(®,\) which satisfy a subset of the set of relations {x; > 0,z; <
0, T = 0}

Recall that the partition polytope p(®, \) is the intersection of the
affine space V(®, \) with the positive quadrant (). Thus it is a bounded
face of the arrangement of hyperplanes H(\).
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If I c {1,...,N} is ®-basic, then A has a unique decomposition
A= i If Xis regular, x; # 0 for all 7.

Definition 8. Let I be a P-basic subset, let A = Zz‘e] xi¢;. Then
sp(®, \) is the vertex of the arrangement H(\) defined by s;(P,\) =
(si) where s; =x; ifi €1, and s; =0 if j € I°.

Observe that s;(®, \) depends linearly on A.

If A is regular, the vertices of the arrangement H(\) are in one to
one correspondence I — s;(®, ) with the set B(®) of ®-basic subsets
of {1,...,N}.

Definition 9. For I a subset of {1,2,..., N}, define
t7 (O, N) =a(l)NV(D,N).

If I is a ®-basic subset, then the cone t;(®, A) is the shift s;(P, \) +
ao(/) of the fixed simplicial cone ay(I) by the vertex s;(®, \) which
depends linearly of \.

t(®,\) = al) NV (D, \) = s;(®, \) + ao(]). 9)

Similarly, if I is a ®-generating subset, choose a ®-basic subset K
contained in I, then the cone t;(®,\) is the shift of the fixed cone
ao(I) by the vertex sk (®, A) which depends linearly of .

(@, \) = a(I) NV (®,\) = sg(®,N) + ag(I). (10)

So, one can say that the set t;(®, \) varies analytically with A, when-
ever [ is a generating subset. At least it “keeps the same shape”. This
is not the case when I is not generating, for example when I = ().
Indeed ty(®P, A) is the partition polytope p(®, \), and it certainly does
not vary “analytically”.

We now analyze the faces of the partition polytope p(®, A) and the
corresponding tangent cones.

If 7 is a ®-tope, we denote by B(®,7) C B(P) the set of basic
subsets I such that 7 is contained in the cone ¢(¢;) generated by the
¢;,1 € 1. In other words, the equation A = )., x;¢; can be solved with
positive x;. Equivalently, the corresponding vertex s;(®, \) belongs to
the polytope p(®,\). Thus when A is regular, there is a one-to-one
correspondence between the elements I € B(®,7) and the vertices of
the polytope p(®, ).

When A belongs to the closure of a tope 7, every vertex of p(®, \) is
still of the form s;(®, \) with I € B(®P, 1), but two ®-basic subsets can
give rise to the same vertex.

Let I € B(®,7). Assume that A is regular, so that all coordinates
s; of s;(®, \) with i € I are positive. Then it is clear that the tangent
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cone to p(P, ) at the vertex s;(®,\) is the cone determined by the
inequations x; > 0 for ¢ € I¢, while the sign of the coordinates z;
with ¢ € I are arbitrary, In other words, it is the simplicial affine cone
tl(q)v A)

We denote by G(®,7) C G(P) the set of generating subsets I such
that 7 is contained in the cone ¢(¢;) generated by the ¢;,i € I.

If I € G(®,7), the intersection of p(®, ) with {z; = 0,5 € I°} is a
face f7(®, \) of dimension |I|—r of the polytope p(®, A). The vertices of
this face are the points sg (P, A) corresponding to all the ®-basic subsets
K contained in I. The affine tangent cone t.g(p(®, A), fx (P, A)) to the

polytope p(®, \) along the face @jb, A) is
tag (p(P,A), fx (P, A) =1(P,A) = a(l) N V(D A).

1.3. The Brianchon-Gram function. Summarizing, for A\ € 7, there
is a one-to one correspondence between the set of faces of the polytope
p(P, A) and the set G(P, 7). The Brianchon-Gram theorem implies, for
AET,

@A = > D] | Ve,

1eG(®,7)

When A varies, the right hand side is obtained by intersecting a number
of fixed cones in R with the varying affine space V(®, \). It is natural
to introduce the function on RY

(@7 = Y (=)IEmFa()]

1eG(®,7)
= ) (e ey > 00, (11)
IeG(®,7) jerIe

that is, the Geometric Brianchon-Gram function which we mentioned
in the introduction.
For A € 7, we have

X (2, 7)[V(®, )] = [p(®, M), (12)

the characteristic function of the partition polytope p(®,\) C RY.
Let us now consider the function X(®, 7)[V (P, \)] for any A € F'.

By Equations (9) and (0], we have
X(@,D)V(@AN] = Y (=)™ s (@, 1) + ag (1))
IeG(®,7)

Here, for each I € G(®, 1), we choose K C I, a basic subset contained
in I.


Nicole
Note
K doit etre I
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We thus see that X'(®,7)[V (P, )] is constructed as follows. Start
from the polytope p(®P, Ag) with Ay € 7, write the characteristic func-
tion of p(®,\g) as the alternate sum of its tangent cones at faces,
and when moving A in the whole space F', follow these cones by mov-
ing their vertex linearly in function of A\. As all the sets [ enter-
ing in the formula for X'(®,7) are generating, the individual pieces
a(l) NV(P,A) = s (P, \) + ag(I) keep the same shape.

It is clear that the support of the function X' (®, 7)[V (P, \)] is a union
of faces of various dimensions of the arrangement H(\). We will show
that it is is a union of bounded faces of this arrangement, for any A € F

(Corollary [29).

Remark 10. Chambers rather than topes are relevant to wall crossing.
However, we preferred to use topes, because topes are naturally related
to the whole set of vertices of the arrangement H(\). A chamber is a
connected component of the complement in F of the union of all the
cones spanned by (r — 1)-elements of F. Chambers are bigger than
topes, the closure of a chamber is a union of closures of topes. See
Figure[fl But if 7 and 15 are contained in the same chamber, we have

G(P, 1) =G(P, 1), hence X(P, 1) = X (P, 7).

FIGURE 6. Left, topes for ® = (¢1, 02, O3, 01 + P2+ ¢3)
Right, chambers.

2. SIGNED SUMS OF QUADRANTS

2.1. Continuity properties of the Brianchon-Gram function.
Recall that we defined in the introduction the following polynomial in
the variables p; and ¢;.
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Definition 11. Let 7 be a $-tope. The Combinatorial Brianchon-
Gram function associated to the pair (®,7) is

X(@,7)pg)= Y, ()" e i +a)  (13)

reg(e,7) jele el

If the tope 7 is not contained in ¢(®), the set G(P, 7) is empty and
X(®,7) = 0. Otherwise, if 7 C ¢(®), the sum defining X (P, 7) is
indexed by all the faces of the polytope p(®, \g) (for any choice of
)\0 € T).

We recover X (®,7) when we substitute [z; > 0] for p; and [z; < 0]
for ¢; in X(®,7)(p,q) (so that p; +¢; = 1).

The Combinatorial Brianchon-Gram function is a particular element
of the space W below.

Definition 12. Let W be the subspace of Q[p1, ..., PN, 1, - - -, qn] which
consists of linear combinations of the monomials

Wp = H Dj H%‘
jeBe  i€B

where B runs over the subsets of {1,..., N}.

Thus we have
X(®,7)=>_ 2®,7, Bwg, (14)
B
with coefficients z(®, 7, B) € Z.
Remark: For the subset B = {1,2,..., N}, the coefficient z(®, 7, B) is
(—1)0 = (~1)N".

Example 13 (The standard knapsack). Let F' = R, ¢; = 1 for i =
1,...,N, and 7 = Ryy. From the usual inclusion-exclusion relations,
we get

X(@,1)=pi-pv— (=D an. (15)

An element in W gives a function on RY by the following substitu-
tion.

Definition 14. We denote by Geom the map from W to the space of
functions on RY defined by substituting [x; > 0] for p; and [x; < 0] for
4q;-

Later, we will use other substitutions.

We prove now some ”continuity” properties of the Combinatorial

Brianchon-Gram function when A reaches the closure of the tope 7.
Actually, these properties are shared by any element of the space W
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which satisfies the hypothesis of Proposition [19| below. We first intro-
duce some definitions and prove an easy lemma.

Definition 15. The zonotope b(®) is the subset of F' defined by

N
= {D _tipi;0 <t <1},
=1

When 7 is a tope contained in ¢(®), the domain 7 — b(®) := {z —
y,x € T,y € b(®)} will play a crucial role in “continuity properties” of
our functions. Remark that 7 — b(®) is a fattening of 7 which contains
the closure of the tope 7. Usually the set of integral points in 7 — b(®)
is larger than the set of integral points in 7.

Definition 16. For B C{1,...,N},
° Qfeg C RY is the semi-closed quadrant
neg—{x—( x;),x; <0 forie B,x; >0 fori e B},
° (IDf]flp is the sequence [0;¢;,1 < i < NJ, where o, = —1 if i € B and

—lzf ¢ B.

((IDﬁBlp) C F' is the semi-closed cone
z((b{?lp) = {ZJHQ@,ZE € Qfeg}
and

oz (I)ﬂlp {Z Tipi, T € Qneg n ZN}

With this notation, the standard quadrant is
Q= Qs

Remark that the closure of the semi-closed cone f(@ﬁp) is the closed
cone ¢(Pg ).
We recall the following lemma.

Lemma 17. The following conditions are equivalent:
(i) The cone ¢(®g,) is salient

(i1) Qg NV = {0}
(i1i) For any A € F, V(®,A) N Q is bounded.

neg

Lemma 18. Let 7 C ¢(®) be a tope and T its closure. Let B be a
subset of {1,2,...,N}. Assume that the semi-open cone ¢(®f ) and
the tope T are disjoint. Then

(i) T is disjoint from the closed cone ¢(®g).
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(it) The closure T of T is disjoint from the semi-open cone ¢(Pf ).
(i) T — b(®) is disjoint from ¢z(PF).

Proof. (i) Assume that the semi-open cone ¢(®f ) and the tope 7 are
disjoint. As 7 is open, it is disjoint from the closure ¢(®f ) of ¢(Pf ).

(ii) Choose z small in 7. As 7 C ¢(®), we can write z = ) _, €aq
with A a subset of {1,2,...,N} and ¢, > 0. As 7 is a cone, we may
assume the €, very small. Let A € 7. Then A + 2 € 7. Now, if A
belongs also to ¢(®f ), we may write A = SN @iy with z; < 0 if
i€ Band z; > 0if i € B°and we see that A + z is still in ¢(®g) if
€, are sufficiently small. This contradicts the fact that ¢(®f ) N7 is
empty. So (ii) is proven.

Let us prove (iii). Assume that there exist (n;) € Z", with n; < 0
for i € B and n; > 0 for ¢ ¢ B, such that ) . n;¢;, € 7 — b(®P). Thus
there exist (¢;) with 0 < ¢; <1, fori =1,...,N , and A € 7, such
that >, (n; + t;)¢; = A. As n; are integers, we have n; < —1 hence
n; +t; <0 for i € B. We have also n; +t; > 0 for i ¢ B. It follows

that A € 7 N ¢(Pg ). This contradicts (ii). O

The following proposition states continuity properties on closures
and beyond.

Proposition 19. Let 7 C ¢(®) be a tope and let Z =) g zpwp € W
be such that

> 2[R V(®,0)] = [p(®,\)] for every A € 7. (16)

Then

(i) zp = 1.
(i) The equation

Y 2[Que] V(2] = [p(®, )]

still holds for every A € T.
(i) For A € 7 — b(®), we have

Y zBlQu V(2. 2) NZY] = [p(2,A) N ZV].

B

Proof. Let A € 7 and z € p(®,A). Then z € Q = Qgeg. As the
quadrants QF, are pairwise disjoint, z ¢ QF,, for B # § hence

neg
implies (i).

Next, let B # (. Let A € 7. Assume there is an x € QZ_NV(®,\).

neg

Then = ¢ p(P, \), thus implies that zg = 0. Hence, if z5 # 0, the
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semi-open cone E((I)feg) and the tope 7 are disjoint. We can then apply
Lemma . As 7 is disjoint from ¢(®2 ), we see that V(®,\) does not

neg

intersect any of the QF,, with zp # 0 and QF, different of Q. This
implies (ii). In the same way, we obtain (iii). O

Example 20 (See Fig. Let N =3, dimF = 2, & = (¢1,¢9, 3 =
O1+¢2). If 71 is the open cone generated by (P, ¢3), we have X (P, 1) =
(P1+aq1) (P2 +@2)ps + (P1+q1)p2 — (P1 +q1) (P2 + q2) (P3 + q3) = P1P2p3 —
P142G3 + 1p2p3 — q1G2qs3. We can check that X (¢, 1) satisfies the prop-
erties (ii) and (iii) of Proposition[19 on Fig. []

FIGURE 7. (Example 20). In blue, —b(®) is the closed
hexagon, 7 and 7 — b(®) are open sets. For B = (2,3),
cz(®2,) is the set of lattice points in the red zone, m¢; —

nes with m > 1 and n > 2.

Corollary 21. (Continuity on the closure of a tope T.) Let & =
(pj)1<j<n be a sequence of non zero elements of a vector space F,
generating F, and spanning a salient cone and let 7 C ¢(®) be a tope
relative to ® .

(i) If X belongs to the closure T of the tope T, then we have the equality
of characteristic functions of sets

X<(I)7 T)[V(CD7 /\)] = [p(q)? /\)]
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(ii) If X € T—b(D), we still have the equality of characteristic functions
of sets of lattice points

X(2,7)[V(2,N)] [Z"] = [p(®,\) N Z7].

Remark 22. There are other elements Z = > zgwp which satisfy
@). The simplest one is Z = wy = p1---pny. However it does not
enjoy the analytic properties of X(®,7), see Theorem .

2.2. Polarized sums. We now introduce another function on R¥ re-
lated to the polarized decomposition of a polytope as a signed sums of
polarized semi-closed cones at the vertices.

In addition to the data of the previous section, we use here a linear
form B on RY, regular with respect to ® in the following sense.

Let I be a basic subset for ®, and recall the description of the cone
ao(/) given in Lemma m with generators g = pe s(e;):

Cl()([) = Z Rzgg;.
jere
We assume that [ is such that its restriction to V' does not vanish on
any edge g} of the simplicial cones ao(/) when I varies in B(®). That
is (8, pa,i(e;)) # 0 for all 1 € B(®) and j € I°.
We associate to § the “polarized” cone

ao(1,B) = Z Rzogjl- + Z R<09§-
748,97 )>0 748,97 )<0

This is the cone obtained by reversing the direction of some of the
generators of the simplicial cone ag(/), in order that 5 takes positive
value on all of them. Note however the delicate condition on signs.

Now all the cones ag(1, 3) are contained in the half space of V' de-
termined by 8 > 0.

For each K € B(®), we denote by K5 (resp. K§~) the set of j € K*

such that (5, po.xe;) > 0 (resp. (B, po.re;) <0).
Definition 23. If K is a subset of {1,2,..., N}, we denote by

a(K,B)={x cRY;2;, >0 forie K", x; <0 fori € K5 }.

Thus the set a(K, 5) is the product of three terms: the closed quad-
rant in the variables in K¢", , the opposite of the open quadrant in the

variables in K™, and a vector space in the variable in K.
If K € B(®), the cone a(K, B)NV (P, \) is the translate by the vertex
sk (®,\) of the semi-open cone ao(K, §) of dimension d. In particular
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a(K,5) N V(P,)\) is contained in the half space sx(®,\) + 5>0nN
V(®,\) of V(P, \).

If A€ 7and K € B(®,7), the cone a(K, ) NV (P, ) is obtained by
reversing some of the generators of the tangent cone to the polytope
p(P, \) at the vertex sk (P, A) so that [ takes positive values on them.
We say that it is the polarized tangent cone.

Recall the Lawrence-Varchenko polarized decomposition of p(®P, A),
(actually, we will give a proof below).

p@ N = Y (D" a5 N V(@A)

KeB(®,7)

Again this equality is obtained by intersecting a number of fixed cones
in RY with the varying affine subspace V(®, \). Therefore it is natural
to define the following function.

Definition 24. The Combinatorial Lawrence-Varchenko function is
the following element of W :

Y(®,7,8) = Z (—1>|K§_| H Di H %H(Pz‘ + q). (17)

KeB(®,7) ieKgt  ieKgT ek

If the tope 7 is not contained in ¢(®), then Y (®, 7, ) = 0. Otherwise,
if 7 C ¢(®), the sum defining Y (P, 7, 5) is indexed by all the vertices
of the polytope p(®, \g) (for any choice of A\g € T).

If we replace p; by the characteristic function of x; > 0 and ¢; by
the characteristic function of z; < 0 (p; +¢; = 1), we obtain a function
Ygeom (P, 7, ) on RY.

By construction, if A € 7, the product [V(®, A\)|Yeeom (P, 7, 5) is the
signed sum of polarized semi-closed cones at the vertices of the (sim-
ple) partition polytope p(®, \). Lawrence-Varchenko’s theorem can be
restated as [V(®, A)]Ygeom (P, 7, ) = [p(P, A)] while Brianchon-Gram’s
theorem is [V(®, A)] Xgeom (P, 7) = [p(P, )] for any A € 7.

The Lawrence-Varchenko decomposition of a simple polytope can be
derived from the Brianchon-Gram one, by grouping some faces with a
common vertex, [15]. It is remarkable that their combinatorial precur-
sors actually coincide as elements of the space W, as we show in the
next theorem.

Theorem 25. Let ® = (¢;)1<j<n be a sequence of non zero elements
of a vector space F', generating F, and spanning a salient cone, and let
7 C ¢(D) be a P-tope. Let X (P, ) be the Combinatorial Brianchon-
Gram function. For any linear form (8 which is regular with respect to
O, let Y(@,7,5) be the Combinatorial Lawrence-Varchenko function.
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Then
Y(®,7,8) = X(®,7).

Proof. In the sum X (®, 1), for a given K € B(®, 7), we group together
the I € G(®,7) such that K C I and (8, pore;) < 0, for every i €
I'\ K. We denote the set of these I by G(®,7)f.

Lemma 26. Let I € G(®,7) and K € B(®,7) such that K C I .
Then I € G(®,7)5 if and only if for any X € 7, on the face f;(®,\) of
p(P, \) which is indexed by I, the linear form [ reaches its mazimum
at the verter sk indexed by K.

Proof. Let X € 7. Let x = ., we; € §1(®, ), with x # sg. Then
x — sk is the projection pg x(x) = ZieI\K zipo i (e;). Hence

(8,2 — sk) = Z zi(B, pa K (€:))-

i€E\K

Assume that (8, pe xe;) <0, for every i € I\K. Asz; > 0and z; > 0
for at least one index i € I\ K, we have (5,2 — sg) < 0.

Conversely, let 7 € I \ K. Take an x = ), mpe + 3565 € f(P, N)
with z; > 0. Then by assumption we have (8,2 — skx) < 0, hence
(3, po,xe;) < 0. ]

It follows that, when K runs over B(®,7) (the set of vertices of
p(®,))), the subsets G(®,7)5 form a partition of G(®,7) (the set of
faces). Therefore, in order to prove Theorem , there remains to show
that for every K € B(®, 1), we have

Z (—1)Himdim sz‘ H(Pz +qi) =

1eG(@,m)ff iele el

OS] e T @ [T+ 00 (8)

ing+ i€KGT €K

We factor out [ [, (pi + ¢;). We need to prove

Z (—1)limdim sz‘ H (pi + i) =

1€G(®,m)f i€le iel\K
(—1)|K§7‘ H Di H g (19)

. + . c—
zEKg zGKB

We make several observations. First, G(®, T)g is precisely the set of
I'C{l,...,N}such that K C [ and I\ K C K. Moreover, for each
I € G(®,7)f, the set of indices I°| |(I\ K) is exactly the complement
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K¢and |I| —dim F = |I \ K|, as dim F' = |K|. Let B C K°. A given
monomial [, Ko\ Di [L.c5 4 appears on the left hand side of with

coefficient
Z (—1)INEL
{IeG(®.1)K, BCI\K}
By the usual inclusion-exclusion relations applied to the subsets I'\ K of
K¢, this sum is equal to (—1)%571 if B = K§~ and to 0 otherwise. [J

Example 27. In Example[1 of the standard knapsack with N = 3, we
take (B,r) = 21+ +%. We obtain Y (®,7,8) = (p1+q1)q2q3+p1(p2+
G2)P3 — P1G2(p3 + q3). It is indeed equal to X (®,T) = pipaps + q1G23-

Example 28. (continues Example @) The subspace V' is generated by
the vector ey +ey—es. Hence, the projections p k)(e;) are ps,1,2)(€3) =
e3 —e1 — ez, pa13)(€2) = pa23)(e1) = e1 +ex —e3. We can take
(B,x) = x1 + xo + x3. Let 7 be the cone generated by (¢, ¢3). We
obtain

Y(@,7,8) = —(p1+q)p2+a)as+ (o1 + @)pa(ps + g3) (20)
= P1p2p3 + P142P3 — q1P293 — q142G3- (21)
Comparing with Example we check that Y (®, 7, f) = X (P, ).

Corollary 29. For any A € F, X(®,7)[V(P,N)] is as a signed sum of
bounded polytopes.

Proof. Choose any [ regular, then the function X' (®,7)[V(P,)\)] is
equal to Ygeom (P, 7, 5)[V (P, A)]. Taking m(5) to be the minimum of
the values (5, sk (P, \)) over the K € B(®,\), we see that the sup-
port of the function X(®,7)[V (P, \)] is contained in the half space
{(B,2) > m(B)} of V(P,N). As this equality holds for any regu-
lar linear form (3, this implies that the support of X(®,7)[V(®,\)]
is bounded. U

3. WALL-CROSSING

3.1. Combinatorial wall-crossing. In this section we prove the main
theorem of this article: a formula for X (®, ) — X (®, 1), when 7 and
Ty are adjacent topes.

The computation comes out nicely when we use the polarized ex-
pression Y (®, 7, 5) as a sum over B(®,7) (Theorem , because it is
easy to analyze how B(®,7) changes as we cross the wall H between
the two topes.

We recall that two topes 7 and 7, are called adjacent if the inter-
section of their closures spans a wall H. We denote by ® N H the
subsequence of ® formed by the elements ¢; belonging to H.
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Lemma 30. Let 7, and 1 be adjacent ®-topes such that 7 C ¢(P).
Let K € B(®, 1) such that K ¢ B(®, 7).
(i) For all k € K but one, say ki, we have ¢, € H. The vector ¢y, is
in the open side of H which contains 7.
(i1) Let 15 be the unique tope of NV H such that 7T N7y C T13. Then Tio
is contained in the cone generated by the vectors ¢y for k € K, k # k.

Proof. Up to renumbering, we can assume that K = {1,...,r}. Let
x1,...,T, be the coordinates on F' relative to this basic subset. If
K ¢ B(®,7), at least one of these coordinates, say z1, is < 0 on
73. Then the wall H must be the hyperplane {z; = 0}. (i) follows
immediately.
The proof of (ii) is also easy.
]

Recall Definition [16| of flipped systems @;;‘ip.
Lemma 31. Let 7y and 1 be adjacent ®-topes such that 7 C ¢(P).
Let H be their common wall. Let A be the set of i € {1,..., N} such
that ¢; belongs to the open side of H which contains 11, (hence —o;
belongs to the side of 15). Then B(@g‘ip,@) is equal to the symmetric

difference B(®, ) & B(®,13). More precisely
K € B(®,n),K ¢ B(® n) e K e B(®4,,n), KNA#D,
K €B(®,m),K ¢ B(®,71) & K € B(®g,,72), KNA=0.

Moreover, the cone c(@ﬁ‘ip) is salient , and o 1s contained in at least

one of the cones ¢(®) or ¢(Pf ).

Proof. 1t follows easily from Lemma [30] (i) and the definition of ®f .

O
It will be convenient to have a notation.

Definition 32. Let 11, 75 be adjacent ®-topes. We denote by A(P, 11, 72)
the set of i € {1,...,N} such that ¢; belongs to the open side of the
common wall which contains 1 .

Theorem 33. Let ® = (¢;)1<j<n be a sequence of non zero elements of
a vector space F', generating F, and spanning a salient cone. Let 7 and
Ty be adjacent ®-topes such that 7 C ¢(®). Let H be their common wall.
Let A be the set of i € {1,..., N} such that ¢; is in the open side of H

which contains . Let CIDf’?ip be the sequence oi*¢;, where ot = —1 ifi €
Aand o =1ifi ¢ A. Let X(®, 1), X(®,73) and X(Pg,, 2) be the

corresponding Combinatorial Brianchon-Gram polynomials € Z[p;, ¢:].
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Let Flip4 be the ring homomorphism from Z|p;, q;] to itself defined by
exchanging p; and q; fori € A. Then we have the wall-crossing formula

X(®,71) = X(®,72) — (—1)" Flip, X (9, 7). (22)

Remark 34. If the tope 1, is not contained in ¢(®), (res c¢(Pf)),
then G(®, 1), (resp. g(@g‘ip,m)), is empty, hence X (®,15) =0, (resp
X(‘I)ﬁ‘ip,Tg) =0).

Remark 35. By Remark the actual jumps occur only on walls
between chambers. This in agreement with this formula: indeed if H is
not a wall between chambers, the tope 115 is not contained in ¢(® N H)
and Ty is not contained in ¢(Pg).

Remark 36. The theorem is trivially true if 71 ¢ ¢(®). Indeed, in this
case, we have X (¢, 1) =0, and A(®, 71, 72) =0, so that the right hand

side of (29) is X(¢,72) — X (¢, 72) = 0.

Proof of Theorem[33 Let B be a linear form on RY which is regular
for ®. Let 34 be the linear form defined by

(B4, e:) = o' (B, e)
where 0! = —1if i € A and 0 = 1 if i € A°. We have, for every i,

<BAan>§‘ip7K€i> = O-iA<ﬁap<I>,K€i>- (23)

It follows, in particular, that 8 is regular for ®f .
First we will prove the following relation between the polarized sums

Y(®,72,8) =Y (@7, 8) = (=)W Flip, Y (¥fs, 7, 1) (24)
Then we obtain by applying Theorem . We write
Y(®,72,8) = Y(®,71,8) =

Z (_1)‘K§7| H bi H QiH(pi+Qi)

KeB(®,72) ieKgt  iekgT €K
N Z (_1)‘%7' H Di H QiH(pi+Qi) (25)
KeB(®,m) ieKgt  ieKgT €K

The terms for which K € B(®,7) N B(P,72) cancel out. For the
other terms, we apply Lemma [31] Take a K in B(®,71) A B(®,7) =

B(Cbg‘ip,Tg). Using , we check easily that the unique K-term in

Y(®,79,8) — Y (®, 7, ) is equal to the K-term in
(=) Flip,, Y (@4, 7, 54). O
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Example 37. N =4 and ® = (¢1, 2,3 = 2(d2 — ¢1), 01 = (1 +
®2)). The tope 11 is the open cone generated by ¢o and ¢p4. The adjacent
tope T 1is the open cone generated by ¢4 and ¢1, see Fig. [§ Then ¢,
and ¢3 lie on the 11-side of the common wall, so that A = {2,3} and

i, = (01, =, —¢3, ¢s). We obtain
X(®,71) = pi1papsps — P12G3Ps — Q1P2P3G4 + q1G2G344,
(‘D T) = P1P2pP3Pa + P12q3Gs + Q1P2P3Pa + G1G2G344,
X (9, flips T2) = P1P2P3Pa + P1Pap3qs + q1G293P4 + G19243G4,
)

Flip, X (@ﬂlp, T2) = DP1G293p4 + P1929394 + q1P2PspPa + q1P2P3qa,
= X((I), TQ) — X(q), 7'1).

FIGURE 8. Topes 11,75 for ® = (¢, 9, 3 = %(@ —
O1), 01 = 3(d1 + b2)).

Later, in order to give a formula for the decomposition of X' (®, 7) in
quadrants, we will need to iterate the wall-crossing through a sequence
of consecutively adjacent topes. To help understand what we obtain,
let us first cross two consecutive walls.

Corollary 38. Let 11,19, 73 be pairwise different ®-topes such that
is adjacent to T and to 13. Let A; = A(9P, 7'1,72) Ay = A(D, 1o, T3)
and let Ay o be the symmetric difference Ay A A( fips Ty, T3). Then the

), (@

A
three cones ¢(® e

ip) ) and c(q)ﬁi;Q) are salient .
We have

X(q)77—1) = X(q)77-3) ( 1)‘A1| th X(q)ﬂ1p7 )
— (=1)2IFlip ,, X (042, 75) + (=1)"2! Flip ., X (D512, 7). (26)

flip »
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Proof. We apply the wall-crossing theorem to (®, 71, 7). We obtain
X(®,7m) =X(®,72) — (‘U‘Al' Flipy, X(q)f?lp;Tz)

In the right hand side, we transform each term by crossing the wall
from 7 into 73. First,

X(®,m) = X(®,73) — (1) Flip,, X (P42, 73).

In order to apply the wall-crossing to (q)ap, Ty, T3), We observe that the
sign rule implies

A1 NA(DL T2, T
(@fﬁ;) ( ﬂlp,TQ,T;;) — (Dﬂl;A ( ﬂlp 2 3)7
thA1 o thA( g&,mﬁs) = thA AA® ﬁlpﬂﬂ) .

Moreover, (—1)|A1‘(—1)A(q)ﬂlp’72’73) = (- 1)A1AA(¢HIP’TZ’T3). Hence we ob-
tain

— (=1)" Flip, X(cbﬁlp, ) =

— (=) Flip,, X (@4, 7

finy 73) + (—1)HAe2l Flip,, , X(® i T3)-

ﬂlp ) T
This proves The cones are salient by the very definition of the
flipped systems <I>§‘1 and (cI)Al )A(%lp@,m) B

We now cross a number of walls to go from a tope 7 to another tope
v. A signed subset of {1,2,..., N} is a list [¢, I| where [ is a subset of
{1,2,...,N} and € = £1 a sign.

Definition 39. Let 7 and v be two topes, and let us choose a sequence
e, k = 1,...,0 of topes such that Ty, is adjacent to 1 for every
1<k<{l—1,and T =7,7 = V.

For every sequence K = (1 < k; < -+» < ky < € —1), let Ax C
{1,...,N} be the subset defined recursively as follows. If s = 0, that
is K =0, then Ay = 0. If K = (ky, kg, ..., ks) withs > 1, let A =
Ay, ks_y), then

AK =ANA A(q)g‘ip,Tks,Tkerl).

We define the list A(v,T) to be the list of signed subsets [(—1)I%1 Ag]
of {1,2,...,N} so obtained.

Remark 40. The list A(v,T) depends of the choice of path of adjacent
topes from T to v , but we do not indicate this in the notation.

We obtain the following result, if there are £ — 1 wall crossings to go
from 7 to v.
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Corollary 41. Let v be a tope. Then for every [e, Al € A(v,T), the
cone c(@iﬁ‘ip) is salient. Furthermore, we have

X(®,7)= Y €Flipy X(2f,.v).
le,Ale A(v,T)

Proof. The recursion rule means that, when we travel through the se-
quence of topes 7;,7 = 1,...,/, and apply Formula , we choose the
flipped term when we cross the wall between 73, and 74,41, and the
unflipped term for the other walls. For instance, Apy = A(®, 11, 72),

and Apgy = Ay A A((IDQLI},TQ,T;),), in agreement with the two-step

wall-crossing formula. The general case is immediate by induction. [J

3.2. Semi-closed partition polytopes. In order to state the geo-
metric consequences of the above combinatorial wall-crossing formu-
las, we introduce some semi-closed partition polytopes, to which the
Brianchon-Gram theorem extends naturally.

Definition 42.
p(®, A N) ={z € V(P,N), ;>0 forie Az; >0 forie A%}
When ) is regular, the closure of p(®, A, \) is the partition polytope
p(P,N).
Definition 43. For A C {1,..., N} we denote by Geomy the map

from W to the space of functions on RY defined by substituting 1 — p;
for q;, then [x; > 0] for p; if i ¢ A and [x; > 0] for p; if i € A.

When A is the empty set, the substitution Geomgy coincide with the
usual substitution Geom defined before. When we consider non empty
subsets A C {1,..., N}, we obtain an extension of the Brianchon-Gram
theorem to these semi-closed polytopes.

Proposition 44. Let A C {1,...,N}. For A € 7, we have
Geomy X (@, 7) [V(P,N\)] = [p(P, A, N)]. (27)
Proof. When A = (), it is exactly the Brianchon-Gram theorem. We
proceed by induction on the cardinality of A. If A # (), we can assume
that N € A, up to renumbering. Let A" = A\ {N}.
We write [p(®, A, \)] = [p(P, A, N)] + ([p(P, A, N)] — [p(P, A, N)]).
We have
[p(2, A" N)] = [p(®, A, A)] = [p(®, A", V)][xy = 0.
Let us show that we have

(Geom g X (®,7) — Geomy X (P, 7)) [V (®,N)] = [p(®, A, N)][zn :(2]8)
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We first prove in the case where A = {N}, hence A" = ().

We observe that the right hand side of is the characteristic
function of the face of p(®,\) defined by zy = 0. If we identify the
hyperplane {zy = 0} with RN¥~! this face is the partition polytope
p(®’, \) corresponding to &' = (¢;),1 <i < N —1and X € F.

We now look at the left hand side of . We see that

Geomy X(®,7) — Geomyyy X (@, 7) =

St T > 0] | e =0], (29)
I1€g(®,7), 1€l i#N
15N
because the terms indexed by the subsets I such that N ¢ I¢ cancel
out in the difference.

If ®" does not generate ®, we see that both sides of the equation
are equal to 0. Indeed as A is regular, it cannot be contained in
the smaller dimensional space generated by @', and every generating
subset in G(®, 7) contains the index N.

Now assume that @' generates F'. The ®-tope 7 is contained in a
unique ®’-tope 7. The set G(P',7") consists precisely of the subsets
I'C{1,...,N — 1} such that I' € G(®, 7).

Therefore the right hand side of is the Brianchon-Gram decom-
position of the facet p(®’;\). Thus we have proved in the case
where A = {N}.

The general case when A’ # () is similar. We have now

Geom g X (@, 7) — Geomy X (P, 7) =

S (=pldm T > 0] [ (2> 0] | [en =0,

Ieg(®,7), ielenA’ icIcnA’c,
13N 1#=N

By the induction hypothesis, the right hand side of this equality is the
Brianchon-Gram decomposition of the semi-closed polytope
p(® A N) =p(P, A, N)N{xzy = 0}. U

Remark 45. The formula is not necessarily true on the boundary of
7, as shown by the trivial example ® = (¢1), A = {1}, A= 0.

It will be useful to rephrase Proposition [44] in the terms which arise
in the combinatorial wall-crossing Theorem [33]
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Definition 46. For A C {1,..., N} such that ¢(®g,) is salient and
NeF, let

pﬂip((PaA) A) =
{z e RY ;in@ =\Nxz; <0 forie Ayx; >0 fori ¢ A}. (30)

Proposition 47. Let A C {1,...,N} be such that the cone ¢(®f,) is
salient. Let T be a ®-tope. Then, for X € T we have
Geomg Flip, X (g, T)[V(®, A)] = [paip(P, 4, )] (31)
Proof. For any polynomial Z € C|p;,, ¢;], we have
Geomy Flip ,(Z) = Geomy(Z) o o (32)
where o2z = (of'z;) with 0! = —1ifi € Aand 0/ = 1ifi ¢ A.

Moreover we have

V(@ N)] = [V(2f

flip»

A)]oo?.
Thus
Geomy Flip, X (@, 7)[V(®, A =
(Geomy X (g, 7)[V (g, A)]) 0 0. (33)

flip»
We apply Proposition [44] to the sequence @g‘ip and the @ﬁip—tope 7. We
obtain that the right hand side of is equal to
(P, A, A 0 0
By definition of p((I)ﬂAip, A, \), this is precisely the characteristic function
of the set of z such that 0';-41’1' =—x;, >0forie A and Jf‘xi =z; >0
fori ¢ A, and o'z € V(®f, A), ie. = € paip(P, A, N). O

3.3. Decomposition in quadrants. Recall that when 7 and v are
two topes, we have defined a list A(v,7) of signed subsets [e, A] of
{1,2,...,N}.

Theorem 48. Let z(®,7,B),B C {1,...,N} be the collection of co-
efficients of the Combinatorial Brianchon-Gram polynomial associated
to the ®-tope 7.

X(@,7)=Y @78 [[p]]e
B i¢B  i€B
(i) If B = 0, then z(®,7,B) = 1 while if B = {1,2,...,N}, then
2(®,7,B) = (—-1)<
(i) If 2(®, 7, B) # 0, then the cone ¢(®F,) is salient .
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(i1i) More precisely, if z(®, 7, B) is not equal to 0, choose x = (x;) €
feg such that X = ). x;¢; is a regular element in F' and let v be the

tope containing A. Then B occurs in the list in A(v,T) and we have

2@, 7 B) == Y . (34)
{[e,BleA(v,T)}
Proof. We already remarked (i).

For the choice of = as in (iii), the coefficient zp = z(®, 7, B) is
the value of Geom X (®,7)[V (P, \)] at such a point z. We now apply
Corollary 41| and Proposition 47| using the tope v, where A belongs.

We obtain that the value zp is the signed sum of the values of

paip (P, A, A) = [Qiee] N [V(®,A)] at 2. By definition, this value is
zero if the set of ¢ with x; < 0 is different from B. Otherwise, is equal
to 1. U

Example 49. Let 71 and 15 be the adjacent topes and A = A(P, 1y, 7).
If o C e(Pf,), then (P, 7, A) = — (=1 An exzample of this situ-
ation is the standard knapsack, (Example , where there are exactly
two topes, R~g and R.q. The theorem implies that the Brianchon-Gram

polynomial is p1 - py — (—1)Nq1 -+ - qn, as we found directly.

Example 50. If there is no subset K in the sum , or if there are
more than one, then the coefficient z(®, 7, B) may be 0 although the
cone c((I)ffip) s salient . Let us take Example . The direct compu-
tation gave X (®,71) = pip2ps — P14ags + G1p2p3 — (19243 We see that
there are no terms corresponding to B = {2} and B = {1,3}. For
B = {2}, the tope 1 =c (1, —p2) is contained in c(¢1, —Pa, ¢3), hence
we take the sequence (T1,72). For K = (1) we have Aqy = {2,3} # B,
so there is no K such that Ax = B. For B = {1,3}, we need
a sequence of three topes, (T1,Te,T3) where now T =c (02, ¢3) and
T3 =¢ (=1, ¢hg) C «(®f,). The K such that Ag = {1,3} are K = (2)
and K = (1,2), which indeed lead to opposite signs in the sum (34).

3.4. Geometric wall-crossing. By "intersecting” Geom X (&, 7) with
[V(®, \)], we translate the results on X (®,7) in geometric terms.

Corollary 51 (We keep the notations of Theorem [33). Let 71 be a ®-
tope. For X\ in the adjacent tope 1o, we have the geometric wall-crossing
for.mula

X(@,m)[V(2,N)] = [p(®, )] = (=1)"[paip (@, A, V). (35)

Proof. We apply the map Geom on both sides of the combinatorial wall-
crossing formula , then we multiply by the characteristic function
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[V(®,\)]. We obtain, by definition,
X (2, 7)[V(2,\)] = [p(®, A] — (—1)!! Geom Flip, X (@7, 72) [V (®, A)],

hence by applying the semi-closed Brianchon-Gram formula, as
stated in Proposition 7] to the tope 7». U

Corollary 52. For any A € F, the function
X((I)vT)[V((I)v)‘)] = Z Z<(I)77-7 B)[pﬂlp(q)aBa/\)] (36)
{B,,\ec(@ff-fip)}

s a linear combination with integral coefficients of semi-closed partition
polytopes.

3.5. An example. We return to Example [37] see Fig. [§) with ® =
(¢1, P2, 03 = %(¢2 —¢1), 04 = %(fbl + ¢2)). For A = A\i¢1 + Aagda,

FIGURE 9. >\2 > /\1 > 0, (tope (¢2,¢4))7 then >\2 = /\1 >
0, (wall (¢4)).

we parametrize the 2-dim subspace V(®,\) C R* by (y1,y2) — (y1 +
A, Y2+ A2, 1 — Y2, —(y1+12)). We start with X in the tope 71 generated
by ¢o and ¢4, i.e. Ay > Ay > 0. Then p()) corresponds under the
parameterization to the tetragon in Fig. [9 defined by the inequations

ym+A >0
y2+A2 > 0
y1—y2 = 0
y1+y2 < 0

We describe its analytic continuation, as the parameter A visits the
topes, one after the other. In the figures, the polytopes which are
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FIGURE 10. A > Ay > 0, (tope (¢4, ¢1)), then Ay >
0= Ay, (wall (¢1)).

FIGURE 11. A\; > —Xy > 0, (tope ((bl, —¢3)), then \; =
o > 0, (wall (—ds)).

counted positively are coloured in blue, those wich are counted neg-
atively are coloured in red. Semi-openness is indicated with dashed
lines. When A moves to the right and reaches the wall generated by
¢4, the tetragon p()) transforms into a triangle (Fig. [9). When X
enters the adjacent tope 75 generated by (¢, d4), i.e. Ay > Ay > 0,
the wall-crossing polytope appears (Fig. . It is (with sign —1) the
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FIGURE 12. —X\y > Ay > 0, (tope (—¢3, —¢2)), then
—)\2 > 0= )\1, (Wall —¢2)

FIGURE 13. A\ < M\ < 0, (tope (—gbg, —¢4)) The
polygon is now the interior of the opposite of the initial
tetragon of Fig. [9] cf [20].

semi-closed triangle

Y1+ M
Y2 + Ao
Y1 — Y2

0
0
0
Y1+ Y2 0,

VANVANVARN Y]

(this condition is redundant).

Then A moves downwards towards the wall generated by ¢;. The posi-
tive closed triangle shrinks while the negative semi-closed one increases.
When A reaches the wall, the closed triangle is reduced to a point (Fig.
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[10). When X enters the tope (¢1, —¢3), the negative semi-closed tri-
angle deforms into a negative semi-closed quadrileral (Fig. . When
A reaches the wall generated by —¢3 (Fig. , then enters the tope
(—¢3, —¢2), a new positive open triangle appears. Then A reaches the
wall generated by —¢, (Fig. and enters the tope (—¢2, —¢4) (Fig.
. The analytic continuation is now a positive open tetragon opposite
to the (closed) initial one. (This case is pointed out in [20]).

4. INTEGRALS AND DISCRETE SUMS OVER A PARTITION POLYTOPE

As a consequence of the compacity result of Corollary [52] together
with the set theoretic relations of Corollary [21], we recover properties
of sums and integrals over partition polytopes which were previously
obtained in [9] and [19], [13],[I2]. Moreover, the set-theoretic wall-
crossing formula has obvious implications for sums and integrals. In
particular, when applied to the number of points of a partition poly-
tope, it implies the wall-crossing formula of [I8], Theorem 5.2. We will
explain in more details this last point in Subsection

4.1. Generating functions of polyhedra and Brion’s theorem.
Let V' be a real dimensional vector space. We choose a Lebesgue mea-
sure dv on V. Let us recall the notion of valuations and of generating
functions of cones (see the survey [3]).

Recall that a valuation F is a map from a set of polyhedra p C V
to a vector space M such that whenever the characteristic functions
[p;] of a family of polyhedra p; satisfy a linear relation ), 7;[p;] = 0,
then the elements F'(p;) satisfy the same relation ), r;F'(p;) = 0. Thus
any valuation defined on the set of all polyhedra can be extended to
the “analytic continuation”, which is a signed sum of polytopes. In
particular, the valuation defined on the set of polyhedra by the Euler
characteristic (see [3]) is identically equal to 1 on the “analytic con-
tinuation” as follows from Brianchon-Gram decomposition and Euler
relations.

We now study two other classical instances of valuations.

There exists a unique valuation p — I(p) which associates to every
polyhedron p C V' a meromorphic function I(p)(£) on V*, so that the
following properties hold:

(i) If p contains a straight line, then I(p) = 0.
(ii) If € € V* is such that e is integrable over p for the measure dv,
then

1(p)(€) = / €9 dy.
p
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Moreover, for every point s € V', one has

I(s +p)() = e“1(n)(€).

I(p)(&) is called the continuous generating function of p.

Assume that V is equipped with a lattice V7.

There exists a unique valuation p — S(p) which associates to every
rational polyhedron p C V' a meromorphic function S(p)(§) on V*, so
that
(i) if p contains a straight line, then S(p) = 0;

(i) if € € V* is such that e{&®) is summable over the set of lattice points
of p, then

SO = Y e,

€ pNVy
Moreover, for every point s € V7, one has

S(s +p)(&) = e©S(p)(€).

S(p)(€) is called the (discrete) generating function of p.

These valuations are easily constructed, either by algebraic meth-
ods (see [3]), or by introducing the Fourier transforms of discrete or
continuous measures associated to the polyhedron p (see Section .
Furthermore, there is an important property of the generating func-
tions S(p)(&) and I(p)(§). Introduce the space My(V*) of meromor-
phic functions on V* which can be written as the quotient of a func-
tion which is holomorphic near & = 0 by a product of linear forms.
The functions I(p)(§) and S(p)(§) belong to the space M,(V*). Then
a function f(§) € M,(V*) has a unique expansion into homogeneous

rational functions
FE =Y fim(©

m>mg
where the summands fj,,)(§) have degree m as we define now: if P is
a homogeneous polynomial on V* of degree p, and D a product of r
linear forms, then % is an element in M,(V*) homogeneous of degree
m=p-—r.
Let p be a polytope with set of faces F(p), and affine tangent cones
t.z(p, f) at §. We obtain from the Brianchon-Gram theorem:

[0 = 3 (-0 e (o, )(O)
r j
Furthermore, as the cone t,g(p,f) contains a straight line, when the
dimension of | is strictly greater than 0, this gives the well-known
Brion’s formula:
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/e<5’“>dv = Z I(s+¢)(§).

Here s runs through the vertices of p and ¢, is the tangent cone at s.
Similarly, when V' is a rational vector space with lattice V7, and p a
rational polytope, we have

Y =2 S+ (37)
zepnVy s

These formulae are at the heart of Varchenko’s “analytic continua-
tion procedure”: we see intuitively that if the vertices of a polytope
q(b) vary “analytically” with a parameter b, the integrals and discrete
sums will also vary "analytically”. We will state precise results in the
next section.

4.2. Polynomiality and wall-crossing for integrals and sums.
Recall the following definition

Definition 53. If F' is equipped with a lattice A, a quasi-polynomial
function f on A is a function such that there exists a sublattice ' C A
so that, for any \g € A, the function N — f(Xo + X) is given by the
restriction to A" of a polynomial function fy, on F.

Theorem 54. Let & = (¢;)1<j<n be a sequence of non zero elements
of a vector space F', generating F, and spanning a salient cone. Let
T C F be a O-tope such that T is contained in the cone ¢(®) generated
by ®. For A\ € F, let V(®,)\) be the affine subspace of RY defined by

Zij\il $z¢z = \. Let
X(@,7)= Y (- FT (e > 0],

1€G(®,7) iele
where G(®, 1) is the set of I C {1,..., N} such that {¢;,i € I} gener-
ates F' and such that T is contained in the cone generated by {¢;,i € I}.
Let h(z) be a polynomial function on RY. Fiz a Lebesque measure on

the subspace V' and let dmg(x) be the corresponding Lebesque measure
on V(®,\). Define

[(®,7,h)(\) = /V . X(®, 7)(2)h(z)dme(z). (38)

In the case where F is a rational space with lattice A and that the ¢;
are lattice vectors, define

S@, RN = Y X(P7)(x)h(x). (39)

2€V (®,N)NZN
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Then

(i) N — I(®, 7, h)(N) is a polynomial function on F.

(i) A — S(®,7,h)(N) is a quasi-polynomial function on the lattice
ACF.

(11i) If X belongs to the closure of the tope T, we have

I(®,7,h)(N\) :/ h(x)dme(x). (40)
p(2,2)
Let b(®) be the zonotope generated by ®. If A € (1 —b(®)) N A, we
have
S(@ )N = Y hl). (41)
zep(®,\)NZN
(iv) Furthermore, we have the following wall-crossing formulas (with
the notations of Theorem . For \ € 15, we have

I(®,71,h)(\) = /p(q) N h(z)dme(z) — (—1)|A|/ h(z)dme(x).

Pip (q>7A’>‘)

S@, . )N = > h(x)— (-1 > h(z). (43)

zep(®,N)NZN €paip (P,A,N)NZN

Proof. (iii) follows immediately from Corollary [21| and (iv) from the
wall crossing formulas of Corollary [51], together with Corollary [21]
The proof of the polynomiality in (i) and (ii) relies on the properties
of generating functions, as we explain in [2] for the weighted Ehrhart
theory.
To begin with, observe that it is enough to prove the theorem in the
case where the weight h(x) is a power of a linear form

(@) = &0

for ¢ € (RY)*. This is the term of é&-degree M of the exponential e&®),
Thus, we consider the functions of £ € (RV)*

(B, 7)(€,\) = / X(®, 7)(2)e 6 dma (z). (44)

V(®,))
S@NEN = Y, X(@ (@), (45)
zeV (@, \)NZN
As X(®,7)(z)[V (P, N)](z) has bounded support by Corollary 29

and are holomorphic functions of £&. We recover I(®, 7, h)(\) and
S(®, 1, h)(N\) by taking their term of {-degree M.
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However the dependance on A can be analyzed by looking at each

summand in
X(@,7)N[V(@N = >  (-DFm (@ N)].  (46)
Keg(®,7)

Indeed, it is immediate to extend the valuation I(p) defined in the
preceding section to a valuation I(p,\) defined on polyhedrons con-
tained in the affine space V(®, \).

Namely, there exists a unique valuation I(p, \) associating to every
polyhedron p C V(®,\) a meromorphic function I(p, A)(¢) on CV, so
that the following properties hold:

(i) If p contains a straight line, then I(p, \) = 0.
(ii) If ¢ € CV is such that /% is integrable over p for the measure
dmg, then

I(p, N)(€) = / %) dme (z).
p

Moreover, for every point s € RV, one has

I(s+p, A+ Z si:)(€) = eI (p, N)(©).

Similarly, if F'is a space with a lattice A, and the elements ¢; belongs
to A, then, for A € A, there exists a unique valuation p — S(p,\)
associating to any A € A and every rational polyhedron p C V(®,\) a
meromorphic function S(p, \)(£) on CV, so that
(i) if p contains a straight line, then S(p, \) = 0;

(i) if € € CV is such that e/$®) is summable over the set p N Z", then

S e,
x€ pnZN

Moreover, for every point s € Z~, one has

S(s+p, A+ Zsmz-)( = e8(p, A)(€).

Look at Equation . The polyhedron tx (P, A) contains a straight
line as soon if K € G(®,7) is not a basic subset. Thus, in terms of the
valuations I(p, A), S(p,\), we have

I@,7)(EN) = > I(te(®,0),\)(9),
KeB(®,7)

and

S@7)EN) = Y Ste(®, ), M)(€).

KeB(®,7)
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Each of these equations expresses a holomorphic function as a sum of
meromorphic ones whose poles cancel out. Furthermore, we can recover
the term of &é-degree M by taking the homogeneous de degree in £ in
each of these functions of &.

Regarding the dependance on A, we have already observed the fol-
lowing crucial fact: the cone tx(®,\) is the shift sx (P, \) + ag(K) of
the fixed cone ay(K) by the vertex sk (P, \) depending linearly of .

Let us first study the integral. Using the translation property of the
valuation I(p,A), we can express I(p,A) in function of the valuation
I(p) defined on polyhedrons contained in the fixed space V. We then
have

I(txe(®,0), N)(€) = eV I (ag(K))(6).
Only the first factor e!&sx(®A) depends on \. Actually, it is easy to
see that I(ag(K))(€) is homogeneous of degree —d. Hence, the term of
&-degree M of I(tx (P, \), N)(§) is given by

(€, sxc (@, M)

I(tx (@, A), A) (€ = (M + d)! I(ao(K))(&)-a-

Thus we have, for h(x) = (&M

UCRIDIVESY <§’S(§\fﬁj)>, -
KeB(®,r) )

I(ao(K)) (&) 1-a-

The right hand side of this formula is a polynomial function of \ of
degree M + d, with coefficients which are polynomial functions of &
of degree M, (although each K summand has poles). Thus we have
proved (i).

Let us now study the discrete sum

KeB(®,7)
Consider a sublattice A’ of A such that all elements sx (P, \') have
integral coefficients for ' € A’ and all K € B(®,7). If D is the least

common multiple of all determinants of the ®-basic subsets I in B(®),
we can choose A’ = DA.

Thus, if A = \g + X, with \y € A, € A/, we obtain
S(tr (@, Ao + X), Ao + N)(&) = & EXNG (D, Ag), M) ().

Indeed tK(q), )\0 + )\/> = SK<(I), )\,) + tK<(I), )\0)
Here again the dependance in X’ is only through the factor e!&sx(®A)
and sk (P, \') depends linearly on X
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If fo,(K,&) = St (P, Ng), Ao)(€) , a meromorphic function of £ of
degree greater or equal to —d, we obtain:

M-+d Ak
(6@, 20+ X), 20+ X) (O = Y SN g e gy
k=0 )

This is a polynomial function of X of degree M + d.
Adding up the contributions, we see that we obtain that

N = S(P,7)(& o+ N)

is a polynomial function of X" and &.

Remark 55. Consider Equation (@)

X(@ V(@M= Y  A(e7BQuV(@N]. (47
{Bec(25,)}

Consider the case where the elements ¢; are in a lattice A of F.
Summing up the function h = 1 over V(®,X\) NZY on both sides, we
obtain an expression for the quasi polynomial function S(®, T, h)(N)
in function of the partition functions associated to the flipped systems
o

%he functions S(®,1,h)(\) are elements of the Dahmen-Micchelli
space associated to ® and A. It was proved in [13] that any Dahmen-
Micchelli quasi polynomial can be expressed as a linear combination
of partition functions assocmted to flipped systems CIDHIP The equation
(.) can be considered as a “set-theoretic” generalization of this theo-
rem.

4.3. Paradan’s convolution wall-crossing formulas. We assume
that F is equipped with a lattice A.

The convolution of two functions f1, fo (satisfying adequate support
conditions) on A is defined by

(fixf)w) = > Al
A1+de=p

If 4 € A, we write §, for the function on A such that f(\) = 4.
Let h be a polynomial function on RY, and consider

= Y h

zep(P,\)
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When £ is the constant function 1, then
B(@)(A) = E(®,1)(\) = Card(p(®, \) N Z)

is the partition function associated to the sequence ®. The function
k(®)(A) is the convolution product fy, *--- * fs,, where, for ¢ € F,

f¢ = Z 5n¢'
n=0

Indeed, by definition k(®)(\) is the number of solutions in integers
n; > 0 of the equation ), n;¢; = .

The case of a polynomial function A can be treated similarly. Assume
h is a product h(xy, z9,...,oN) = Hi\; hi(z;) where h; are polynomial
functions on R. For h a polynomial function on R, and ¢ a non zero
element in A, introduce

fo=" " h(n)on.
n=0

Then we see that

E(®, h) = fit 5% fiN.

With the notations of Theorem[54}, for each tope 7, the function S(®, 7, h)(\)
is a quasi-polynomial function on the lattice A such that E(®, h)(A\) =
S(®, h,T)(A) for A € (T —b(P)) NA.

Let 7, be two adjacent topes separated by a wall H. Let 715 be
the unique tope of ® N H such that 77 N 75 C T2. Paradan’s formula
is a formula for S(®, h, ) — S(®, h, ) when 71, 75 are adjacent topes
in terms of the convolution of the quasi-polynomial function S(® N
H,h,715) on AN H with some the functions f2.

Before stating the formula, we note one property of the function
S(P,h,T).

Assume that H is a face of the cone ¢(®) and that 7 is a tope with
one of its wall equal to H. Let 75 be the unique tope of ® N H so that
7N H is contained in 7. Let S(® N H, h, 7y) be the quasi-polynomial
function on A N H associated to this data.

Let us denote the subsequence of elements ¢; not in H by ® \ H =
(¢1,...,0nr). Then if ny,ny, ..., ny are non negative integers, and
A € A, there are only a finite number of n; such that A — Zf‘il n;d;
belongs to H, as the elements ¢; are all on one side of H.

Let H=Y be the closed half space delimited by H and containing 7.
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Proposition 56. For A € H=°, S(®, h,7)()\) is equal to

> (ha(ny) -+ har(nan)) S (@ OVH byt ) (A =) macy).

nizo,)\fzi ni¢;€H =1
In other words, on HZ° N A,
S(®, h,7) = S(® N H, h,7p) % fil s fi¥

1

1
Proof. As follows from [5], the right hand side, being the convolution
of a quasi-polynomial function on the lattice A N H with products
f hll *e -k gﬁ , coincides with a quasi-polynomial function on the domain
H="NA.

Now, to prove that the left hand side coincide with the right hand
side, we will use the fact that two quasi-polynomial functions agreeing
on ¢ N A, where ¢ is a cone with non empty interior, coincide on A.

If A € 7 is sufficiently near a point of 7 N H, then the set (A —
SM Rso¢) N H is contained in 77, We see that the set ¢ == {\ €
(A = M Reggy) N H C 7y} is an open cone in 7. On ¢ N A,
the function S(®, h,7) coincide with E(®,h). On the other hand, if
we compute F(®,h) and E(® N H,h) by their respective convolution
formulae, we obtain that the right hand side coincide also with E(®, h)
for A € ¢ N A. This establishes the proposition. O

Let X (®, A, 15) = Geom(Flip 4 X (P4

flip»

S(@,Ahm)A) = Y X(P AT ()

2€V (®,N)NZN

7)) and let

We then obtain
S((I), h, Tl) — S(q), h, 7'2) = S((I), A, h, T2>.

Remark that the tope 7 for the flipped system @ép is such that
ToMN H is on the boundary of the cone (I)g‘ip' Using a slight modification
of Proposition above, we then can give the following “convolution
description” of the function S(®, A, h, 7).

Let I := {a1,as,...,a,} be the set of indices ¢ such that ¢, is on
the open half space delimited by H containing 75; similarly let I~ :=
{b1,ba,...,b,} be the set of indices j such that ¢; is on the open half

space delimited by H containing 77; then the sequence

[¢a17---7¢apa_¢b17---7_¢bq]

is contained in the open half space delimited by H and containing 7.
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Define
Flip f¢ = Zh n)0_ng.

Then we have

Proposition 57. The quasi-polynomial function S(®, A, h, 15) is given
by the convolution formula:

S((I)v A7 h7 7—2) -

S(® N H, h, i) * (Hth foes I e = T Fup £30 = T £2e )

acA beB beB acA

This is the convolution formula given by Paradan [I§] for the jump.
It expresses the jump in terms of sums of the function S(®NH, h, 7y 2)
associated to a lower dimensional system (see also [5]).

5. A REFINEMENT OF BRION’S THEOREM

Let p C V be a full-dimensional polytope in a vector space V pro-
vided with a lattice V7. Recall Brion’s Formula for the generating
function of a polytope.

SE)E) = 3 Ss+e)(©).

sEV(p)

As p is compact, the function £ € V* — S(p)(€) is holomorphic, but the
contribution of each cone is a meromorphic function with singularities
along hyperplanes. More precisely, an element £ € V* is singular for
S(s+ ¢,) if and only if £ is constant on some face f of p such that s is
a vertex of f and dim f > 0.

It is well known that Brion’s formula is the combinatorial transla-
tion of the localization formula in equivariant cohomology, in the case
of isolated fixed points. In this section, we generalize to the combi-
natorial case which corresponds to non isolated fixed points [4]. In this
degenerate case, the connected components of the set of fixed points
correspond to the faces of p on which £ is constant which are maximal
with respect to this property. The contribution of such a face to the

sum S(p)(&) is
Z S(s 4+ ¢s)(

We will study this sum by relatlng it to a Brianchon-Gram continuation
of the face . We will assume that the polytope p is simple. The general
case needs more efforts.
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We need to introduce some meromorphic functions similar to the
function S(s + ¢)(€). Let ¢ = s + ¢ be a polyhedral cone in V| where
¢ is a cone generated by elements g; € Vz . Let P be a quasi poly-
nomial function on Vz. The following sum > . . P(¢ )elé®) defines a
generalized function F' of the variable £ € V™.

It is easy to see that [[,(1 — e$%!)F () is an analytic function of &.
Thus, outside the affine hyperplanes in iV* defined by (£, g;) € 2inZ,
the generalized function F'(€) is equal to S(q, P)(£), where S(q, P)(§) is
a meromorphic function of £ with poles on (g;,§) € 2inZ. In particular
this function belongs to the space M,(V*) introduced before. We write

S(@, P)(&) = > P&el™

xzeVzNq

and depending on the context, we consider S(q, P) either as a general-
ized function of £ € iV* or as a meromorphic function of £ € V. If q is
a cone invariant by translation by a vector v € Vy , it is easy that the
generalized function S(q, P)(€) is annihilated by a power of (1 —e(")).
The simplest case is when P = 1, V = ¢ = R, V; = Z, so that the
equality is simply (1 — €)Y _, €™ = 0. In particular, if q is a flat
cone, the meromorphic function S(q, P)(§) is equal to 0.

If § is a face of p, we denote by aff(f) the affine space generated by f
and by lin f the linear space parallel to aff(f), that is the space spanned
by elements z —y with z,y € f. The projection tyans(p, f) of tag(p, f) in
V/linf is called the transverse cone. Note that this transverse cone is
a salient cone in V/lin f with vertex yo the projection of any y € f.

Theorem 58. Let V' be a rational vector space with lattice V. Let
p C V be a simple rational polytope and let § be a face of p. Let
torans(P, f) C V/1inf be the transverse cone. The tangent cone to p at
the vertex s is denoted by s + ¢5. For & € V*, let

Sis+e)E) = > e,

z€(s+cs)NVyz

The set of vertices of § is denoted by V(¥).
(i) The sum 3y S(s + ¢5)(§) restricts to a meromorphic function

on linf+ C V*, which is given by
Y Sste)E) = > v P(y),
seV(f) YE€terans (p,H)N(V/ linf)z

where P(y) is a quasi-polynomial function on the projected lattice
(V/1inf)z € V/1inf. Moreover if & is reqular with respect to the cone
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tirans(P, ), that is if £ is not constant on a face strictly containing f,
then 3y S(s+ ¢5)(§) is holomorphic at €.

(ii) Fory close enough to the vertex yo of the transverse cone, P(y) is
the number of lattice points of the slice p N (linf + y).

Proof. We compute the signed sum of the generating functions of the
tangent cones t.g(p, g) where g runs over the set F(f) C F(p) of faces
of f. Since t.z(p, g) contains lines if g is not a vertex, we have

S S(s+e)©) = 3 (DS (talpa))(©). (48)

seV(f) geF (f)

We will relate the right hand side to sums over slices of p by affine
subspaces parallel to f.

We define
TW)(z)= > (=)™t (p, 9) N (afF(F) + v)] (x). (49)

9eF(f)
The support of 7 (y) is illustrated in Fig[l5
Let us only observe that, as t.g(p, g) N aff(f) is the tangent cone of
the polytope § C aff(f) along its face g, we have, by Brianchon-Gram
theorem,

7(0) = [il.

Moreover, if y is small enough, then 7 (y) is the characteristic function
of the intersection p N (aff(f) +y). This result can be deduced from the
Euler relations. In the next section, in the case where p is simple, we
will obtain it as a consequence of Corollary 21| which is of course itself
based on the Euler relations via the Brianchon-Gram theorem.

Let us compute the right hand side of Equation . If £ € linft
then €& is constant on linf +y. Identifying lin f~ with (V/linf)*, we
denote this constant value by e{&¥).

Thus, we slice the lattice V7 in slices parallel to the subspace lin f.
The slices are indexed by the projected lattice (V/linf)z. We write

Do (DTS (ta(p @))€ = D ()T YT el

9EF(f) 9EF(f) z€tar (p,9)
S YRDIC LD DI AN
y€(V/linf)z g€F(§) €t (p,g)N(lin f+y)NVz

Let yo € V/linf be the projection of the face f. From , we obtain
DS+ = D, Y Ty—w)). (51

seV(f) y€(V/linf)z z€Vy,
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The shift by gy, is there to make further notations simpler. At this
point, we postpone the proof of Theorem until the next section,
where we will relate T (y) to the Brianchon-Gram continuation of the
face f, under the assumption that p is simple.

5.1. Brianchon-Gram continuation of a face of a partition poly-
tope. Let p = p(®,\) C RN. Let § be a face of p. If ) is regular and
belongs to a tope 7, then there is a unique I € G(®,7) such that
f = (P, A\, I) is the corresponding face. We have dim§ = |I| — dim F.
If X\ is on a wall, there may be several such pairs (7, I).

Definition 59. Let I C {1,..., N} be such that the sequence ®; gen-
erates F'. Let ®; :~((bi)7 1 <@ < N, be the sequence of elements in
F &R defined by ¢; = ¢; if i € I and ¢; = ¢; De;, if i € I°.

Lemma 60. (i) The sequence &)1 generates a salient cone of full di-
mension in F @R,

(i) V(®r,(\y) = {z € RN; SN 3¢, = N, @y = y,; fori € I°).
(iii) Let T be a ®;-tope. Let R be an open quadrant in RI°. Then
{XNy) e FOR";, y € RA =Y, ey € T} is a (TDI-tope and all

51—t0pes are of this form.

(iv) Let T be a ®;-tope, let 71 be the ®;-tope which consists of (X, y)
such that y; > 0 fori € I° and X\ — .. yi¢s € 7. Then Q((T)[,T[) 18
the set of K U I¢, where K C I and K € G(®;, 7). Hence

X@I,TI): Z (—1)|K|_dimF H Di H (pi + i)

KeG(®r,7) iel\K i€KUI¢

Proof. (i) follows from the fact that ®; generates F'. (ii) is immediate.
Consider the linear bijection from F @RI to itself defined by (), y)
(A = Xicse it y). The image of ¢; is ¢; if i € I, and ¢, if i € I°
Therefore the ® -topes are the pull-backs of the topes relative to the
sequence ¥; = ¢; if 1 € I and ¢; = e; if © € I°. The latter are the
products of ®-topes in F with the quadrants in R?". This proves (iii).

Let K C {1,...,N}. Then & generates F & R’ if and only if
K =KU I¢, where K C I is such that ®x generates F'. Moreover
71 C c((;I;])f{) if and only if 7 C ¢(®Px), whence (iv). O

Proposition 61. Let 7 be a ®-tope and let X € T. Let p = p(P, )
and § = (P, A) be a face of p. Assume that dimf = |I| — dim F. We
identify the quotient space V/1in§ with R by the projection parallel to
R!. Let 11 be the ®;-tope which contains 7. If y; > 0 for i € I° and
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A— Zie]c Yi®; € 77, then

X(@r, )V (@1, ()] = [p(2r, (A, 9))] = [p(®,A) N (aff(]) + y)g. )

52

In particular, if X is reqular, the conditions y; > 0 for i € I° and

A= > e ¥i®i € 71 define a neighborhood of y = 0 in RIZCO on which
(@ holds.

Proof. The conditions y; > 0 for i € I¢ and A — )., y;¢; € 77 mean

that (\,y) belongs to the closure of the ®;-tope 7; associated to 7.
Therefore by Corollary 21, we have

X (@1, )V (1, (A 9))] = [p(@1, (A, ).
Moreover, as dimf = |I| — dim F', the affine span aff(f) is given by
aff(f) = {x € V(®,\);2; = 0 for i € I}, It follows that V (@, (A, y)) =

aff(f) +y, hence p(®r, (A, y)) = p(®, A) N (aff (f) + ). O
Remark 62. Define qo(p,f, 7) € RL; by

Qo(p, f,7) ={y=(y:) €R" 4, >0 fori eI\ — Z?h’@ €77}
icre
The set qo(p,§,7) is a polytope in V/linf ~ R, Let us denote its cone
at vertex 0 by to(p,f, 7).

to(p, f,7) = {y = (v:) e R" cy; >0 fore e I°
A — eZngbZ € 77 for € > 0 small enough }.

iele
Then to(p,f, 7) is a subcone of the transverse cone to(p,f). If A € T is
regular, then to(p,f,7) = to(p, f) = RL, .

If X lies on a wall of a tope T, then to(p, f, 7) may be strictly contained
in the transverse cone to(p,f). When we consider all the topes T such
that X\ € T, the cones to(p,f,7') form a subdivision of ty(p, f). An
example is illustrated in Fig. . The polytope p C R3 is a tipi with
four poles, with vertices (0,0,0), (1,0,0),(0,1,0),(0,0,1),(1,1,0) and
f is the vertical edge with vertices (0,0,0),(0,0,1). The picture shows
also the corresponding system ® such that p corresponds to a partition
polytope p(P,\). In this case, \ belongs to the wall generated by ¢s,
thus X\ belongs to two tope closures 11 and 1. We identify the quotient
V/lin(f) with the ground. Then the sets qo(p,f, ;) are the two triangles
which subdivide the ground face of the tipi.

This remark suggests how to modify Proposition[63 in the case of a
non simple polytope.
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e

FIGURE 14.

Proposition 63. Let ® = (¢;)1<j<n be a sequence of non zero ele-
ments of a vector space F', generating F, and spanning a salient cone.
Let 7 be a ®-tope, X € T a regular element and I € G(®,7). Let
p=p(®,)) and = f(®\T).

We identify the quotient space V/1lin§ with RY by the projection
parallel to RY. Fory € R, let

T(y) = Y (=)™ [t (p, 0) N (aff(F) + v)], (53)

geF(F)

where the set of faces of § is denoted by F(f) .

Let ®; = (6),1 < i < N, be the sequence of elements in F & R
defined by ¢~5Z =¢; ifi € I and %l = ¢; e, ifi € I°. Let 11 be the
&, -tope which consists of elements (\,y) € F @& R such that y; > 0
forie I¢and X\=)_, . yi¢i € T1, where 77 is the unique ®r-tope which
contains 7. Then

T(y)(@) = X(@r,7)@)[V(Pr, W )(@) [l =0, (54)

iele

Proof. The faces g of f = f(®, A, I) are indexed by the subsets K €
G(®,7) which are contained in I. For g = §(®, A\, K'), we have

tag(p,g) = {z € V(®,\);z; >0 for i € K.
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FicURE 15. Brianchon-Gram continuation of a face.
The segment and the triangle in red come with a minus
sign. The end-points of the segment have to be deleted
and two edges of the triangle also.

We write as
Tw= >  (=D)FTT [z > 0] [aff(f) + ). (55)
KeG(®,7),KCI icKe

We observe that G(®;,77) = {K € G(®,7),K C I}. Therefore, by
Lemma [60] we have

X(&)I? TI) [V(&)[, (>\7 y))] =
> (I TT [ > 0)[V(®r, ()]
KeG(®,r),KCI iel\K
We factor out [,c;e [#: > 0] in each summand of (55).
As V(®r, (N, y)) = aff(f) + y, we obtain

T(y)(x) = X(@1,7)(@)[V (1, (A y))() [] [z = 0].

ielc

As z; = y; for i € I°if z € V(®y, (), y)), we obtain O
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We resume the proof of Theorem [58|

Proof of Theorem [58 We identify p with a partition polytope p(®, \)
by an affine map V' ~ V(®,\). We can assume that A is regular. Some
care is needed with respect to the lattice Vz. In general, its image
V(®,\)z in V(®,\) is not Z¥ NV (P, \). However we can always write
V(®, Nz = (b+T)NV(®,N) , where b € QY and T is a lattice in
RY, (T is a fixed lattice and b projects on \). Let 7 be the ®-tope
which contains A and let I € G(®,7) such that § is identified with
the face f(®,\,I). Then V/linf is identified with V/lin§ ~ R and
the projected lattice (V/linf)z is identified with a lattice in R'". By
Proposition [63, we have, for every # € RY,

T(y) (@) = X(Dr,7)[V(@r, (A y)](@) [T [y > 0).

iel¢

So we define
Ply)= Y X(@n,m)[V(®r, (\y — 0))]().

zeb+T

Then P(y) is a quasi-polynomial function of y € (V/linf)z. This fact
follows from a minor generalization of Theorem [54| (ii). We only have
to take care of the shifts: the summation is over x € b+ I' and the
parameter y — yo in the Brianchon-Gram function runs over the shifted
lattice (V/linf)z — vo.

The equalities and of generalized functions imply equali-
ties of holomorphic functions of £ in an open subset of (linf)*, hence
D ev(p S(s + ¢5)(€) restricts to a meromorphic function on (linf)*,
given by

> S(s+e)(6) = D N P(y). (56)

SEV(f) yeftranS(pvf)m(V/ lin f)Z
So we have proved (i).

By Proposition , for y € tirans(p, f) close to the vertex, 7 (y — yo)
is the characteristic function of the slice p N (aff (f) + y), hence (ii). O
O

6. COHOMOLOGY OF LINE BUNDLES OVER A TORIC VARIETY

Let us indicate the relation of our work with toric varieties. Let
® = (¢,)1<j<n be a sequence of non zero elements of a vector space F,
generating F, and spanning a salient cone. Assume that the ¢;’s belong

to a lattice A and let T' be the torus with character group A embedded
in TV = SV by the characters of T" associated to (¢;). This determines
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an action of T" in the complex space CV. Each tope 7 determines a toric
variety M, (with orbifold singularities) for the quotient torus TV /T,
in the following way. If A € 7, M, is the reduced manifold CV//\T at
A € t*. Then the vectors ¢; parameterize the boundary divisors D; in
M, and each element A € A determines a T™-equivariant sheaf O(\)
on M.,.

The lattice of characters of the d-dimensional torus TV /T is identi-
fied with V N Z~N.

The torus TV acts on the cohomology groups H!(M,, O()\)). When
) € 7, then all the cohomology groups H* for i > 0 vanish, and a weight
m € ZN of TN occurs in H°(M,, O(\)) if and only if m € p(®, \)NZN.
Thus the dimension of the space H°(M,, O()\)) is just the number of
integral points in p(®, A).

If A € A does not belong to the tope 7, and i > 0, the cohomology
space H'(M,,O())) is in general not zero. It is natural to introduce
the virtual space

d
H(r,A) =Y (=1)'H' (M., O(N)).
i=0
It follows from the Kawasaki-Riemann-Roch theorem that the virtual
dimension of H(7, A) is a quasi polynomial function of A.

More precisely, we can use the fixed point theorem to compute the
character of T in H(7, \) (see [7]). As the construction of the present
article reproduces this fixed point theorem at the level of sets, we obtain
the weight decomposition of the T¥-module

Hr )= > X(@71)(m)em

mEZNNV(®,))

In other words, the function X(®,7) on Z" computes simultaneously
(for all sheaves O(A)) the multiplicity of a weight m in the alter-
nate sum of cohomology spaces. In particular, the function X'(®,7) N
[V(®, \)] is the constructible function on V' (®, A) associated by Morelli
[16] to the sheaf O(\).

Recall the formula

X(@,7) =Y 2(¢, 7, B)QL,.

Let us comment on the explicit computation of the coefficients z(®, 7, B)
of X(®, 7). We wrote a brute force Maple program to compute X (P, 7),
out of its definition (Equation ), by enumerating the generating
subsets of the system ® and checking which ones are in G(®, 7). It
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would be certainly more efficient to use Theorem [25, and then deter-
mine B(®,7) using the reverse-search algorithm of Avis-Fukuda [1J.
Anyway, we obtain the decomposition as a sum of monomials

X(@,7r)=> 2®,7B) [[p]] o

i€B¢  jEB

If m € Z", we denote by B,, the set of indices i such that m; < 0. Then
the multiplicity of m in the 7% module #H(7, \) is obtained by com-
puting the coefficient z(®, 7, B,,) of the monomial Hiern pillien,, 4
in X(®,7).

Y. Karshon and S. Tolman [14] have studied the representation space
H (7, \) associated to a non-ample line bundle on the manifold M., and
they have given an algorithm to compute a weight in this representa-
tion space by wall crossing. Our algorithm (Theorem to determine
2(®, 1, B) is probably very similar. However, as we deal with arbitrary
“weights” ¢; (not assumed rational), our methods use “only linear al-
gebra”, not geometry.

By summing up the multiplicities of the weights in H (7, ), we obtain
the expression of the function

A dimH(7,A) = > 2(®, 7, B)cardinal (pai, (P, B, A) N Z")
B

as a sum of partition functions with respect to particular flipped sys-
tems.

Remark that if A € (7 — b(®)) N A, the continuity property asserts
that the dimension of H(r, \) is still equal to the dimension of H°, that
is the cardinal of p(®, \) NZ". This is in accordance with the following
vanishing theorem [17].

Theorem 64. If A € (1 —b(®))NA then H (M., O(\)) =0 fori > 0.

It would be interesting to study the locally quasi polynomial func-
tion h;(®,7)(\) = dim H (M., O())) for each i. ;jFrom Demazure’s
description of the individual cohomology groups H'(M,, O(\)) (see for
example the forthcoming book [11], Chapter 9), we see that it is a lo-
cally quasi-polynomial function, sum of partition functions of flipped
systems. Thus each locally quasi polynomial function h;(®,7) is a
particular element of the generalized Dahmen-Micchelli space F(®) in-
troduced in [I3]. It would be interesting to study the relations between
these different locally quasi polynomial functions on A.

Let us give a last example to illustrate the method. We consider
the hexagon defined by the following inequalities in R%. z; > 0, 2, <
2, 0020, 21 +x9 > 1, 21 + 29 <4, 1 — x5 > —2. The corresponding
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toric variety Mype, of dimension 2 is defined by the fan with edges
(1,0),(1,1),(0,1),(—=1,0), (=1, —1),(1,—1).

We can also describe M, as a reduced Hamiltonian manifold, with
the help of an ample line bundle. We consider the standard torus of
dimension 4 acting in C® with the following list ® of weights

((1,0,0,0),(0,1,0,0),(0,0,1,0),(0,0,0,1), (—1,—-1,1,1),(1,—1,0,1)).

If 7 is the tope which contains the vector [2, —1,2,4], then the reduced
manifold M, is the manifold M.
We compute X (®,7) (by brute force) and obtain:

X(®,7) =
P1P2P3P4PsPe — P1P2P3P44596 — P1P2P3Ps5q446 — P1P2P3P64445
— 2Pp1P2p3qagsgs
—P1P2P4Pe43495 —P1P2P44349596 —P1P2P6439495 — P1P243949596 —P1P3P5P64294
—P1P3P54924496 —P1P3P6429495 —P1P3G24445496 — P1P4P5P64243 — P1P4P6 424345
—P1P5P64924394 —P1P692934445 — P2P3P4P5q1496 — P2P3P4419596 — P2P3P5414446
—DP2P391949596 — P2P4P5P6q143 — P2P4P5414396 — P2P4P6419395 — P2P441434546
— P3PaPsPed1q2 — P3P4Ps5q19296 — P3Ps5Peq19244 — P3Ps5q1924496
— 2 papsPeq1q29s3
— PaP591929396 — P4P691929395 — P5P641924394 + 1424394956 -

We can immediately read on this expression the multiplicity of a weight
m = (mq, ma, mg, my, ms, mg) in the space H (7, \) for any m and any
A. We see that the multiplicities of m can be 0,1,—1,—2 depending on
the quadrant in which m lies.

For example, for A = (200, 434, 378, —400), the weight

m = (200,234, 478, —200, —100, —100)

has multiplicity —2 in the space H(7,A). Indeed the coefficient of
P1P2p3qaqsgs in X (P, 7) is —2.

Given A € Z*, we parameterize the integral points in V(®,\) by
(w1, 22) € Z*, with corresponding m € Z5 given by

m= (N + 1 — 22, \g + x1 + X2, \3 — 1, \y — T1 — X, T1,Ta).

With this parametrization, the figures and [I8] describe the sup-
port of the module H(7,A) as A moves along the line joining \g =
(200, —100, 200,400 (in the ample cone) to A\; = (200,434, 378, —400).
The line crosses six walls.

We assign colors to the multiplicities: blue = 1, yellow = —1,
red := —1, green := —1, magenta := —2, black := —1, khaki = —1.
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In the first figure A is in the starting tope (the ample cone). In the
last three steps, a polygon with multiplicity —2 (colored in magenta)
has appeared in the middle of the picture.

FIGURE 16. At the beginning A = (200, —100, 200, 400)
is in the ample cone. The partition polytope is an
hexagon.

A A A

FIGURE 17. From left to right, A crosses three walls, one
at a time. The new triangles have multiplicity -1.

NN

FIGURE 18. A\ crosses three more walls. The polytope
colored in magenta has multiplicity -2.
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